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Simplified Knowledge Management Classes Bangalore

My name is Subhashish Chattopadhyay. | have been teaching for IIT-JEE, Various International
Exams ( such as IMO [ International Mathematics Olympiad ], IPhO [ International Physics
Olympiad ], IChO [ International Chemistry Olympiad ] ), IGCSE ( IB ), CBSE, I.Sc, Indian State
Board exams such as WB-Board, Karnataka PU-Il etc since 1989. As | write this book in 2016, it
is my 25 th year of teaching. | was a Visiting Professor to BARC Mankhurd, Chembur,
Mumbai, Homi Bhabha Centre for Science Education ( HBCSE ) Physics Olympics camp BARC
Campus.
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| am Life Member of ...

- IAPT ( Indian Association of Physics Teachers )

- AMTI ( Association of Mathematics Teachers of India )

- National Human Rights Association
- Men’s Rights Movement ( India and International )
- MGTOW Movement ( India and International )

And also of

IACT ( Indian Association of Chemistry Teachers )

The selection for National Camp ( for Official Science Olympiads - Physics,
Chemistry, Biology, Astronomy ) happens in the following steps ....

1 ) NSEP ( National Standard Exam in Physics ) and NSEC ( National Standard Exam in
Chemistry ) held around 24 rth November. Approx 35,000 students appear for these exams
every year. The exam fees is Rs 100 each. Since 1998 the IIT JEE toppers have been topping
these exams and they get to know their rank / performance ahead of others.

2 ) INPhO ( Indian National Physics Olympiad ) and INChO ( Indian National Chemistry
Olympiad ). Around 300 students in each subject are allowed to take these exams. Students
coming from outside cities are paid fair from the Govt of India.

3 ) The Top 35 students of each subject are invited at HBCSE ( Homi Bhabha Center for
Science Education ) Mankhurd, near Chembur, BARC, Mumbai. After a 2-3 weeks camp the top
5 are selected to represent India. The flight tickets and many other expenses are taken care
by Govt of India.
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Since last 50 years there has been no dearth of “Good Books“. Those who are interested in
studies have been always doing well. This e-Book does not intend to replace any standard text
book. These topics are very old and already standardized.

There are 3 kinds of Text Books

- The thin Books - Good students who want more details are not happy with these. Average
students who need more examples are not happy with these. Most students who want to
“Cram” quickly and pass somehow find the thin books “good” as they have to read less !!

- The Average sized Books - Good students do not get all details in any one book. Most bad
students do not want to read books of “this much thickness* also !!

We know there can be no shoe that’s fits in all.

Printed books are not e-Books! Can’t be downloaded and kept in hard-disc for reading “later”

So if you read this book later, you will get all kinds of examples in a single place. This
becomes a very good “Reference Material”. | sincerely wish that all find this “very useful”.

Students who do not practice lots of problems, do not do well. The rules of “doing well” had
never changed .... Will never change !
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After 2016 CBSE Mathematics exam, lots of students complained that the paper was tough!
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In 2015 also the same complain was there by many students
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CBSE Class 12 exam: Issue of tough
maths paper raised in Parllament

A senior Congress member on Thursday raised the issue of the tough mathematics
question paper in the ongoing CBSE board examinations and asked the government to

consider the issue "seriously”.

Last Updated: Thursday, March 19, 2015 - 14:41
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Mew Delhi: A senior Congress member on Thursday raised the issue of the tough
mathematics question paper in the ongoing CBSE board examinations and asked the
government to consider the issue "serioush™.
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In March 2016, students of Karnataka PU-Il also complained the same, regarding standard 12
( PU-Il Mathematics Exam ). Even though the Math Paper was identical to previous year, most
students had not even solved the 2015 Question Paper.

Friday, March 25, 2016 - 13:28 T he N EWS M I m Ute

HOME NEWS ANDHRA KARNATAKA KERALA TAMIL NADU TELANGANA CULTURE MEDIA

Exams

Online petition for lenient evaluation of K'taka Il PU
math paper gets over 8000 supporters

The campaign, which was launched on Monday, has garnered over 8000 supporters

TNM Staff | Wednesday, March 16, 2016 - 09:32

evesminute

Following a "very tough” math paper that left many Il PU students in tears, Saket Ravindran a

student launched an online campaign demanding lenient evaluation.

These complains are not new. In fact since last 40 years, ( since my childhood ), | always see
this; every year the same setback, same complain!

In this e-Book | am trying to solve this problem. Those students who practice can learn.

No one can help those who are not studying, or practicing.

Learn more at http://skmclasses.weebly.com/iit-jee-home-tuitions-bangalore.html
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Twitter - https://twitter.com/ZookeeperPhy

Facebook - https://www.facebook.com/IIT.JEE.by.Prof.Subhashish/

Blog - http://skmclasses.kinja.com

Blog - http://skmclasses.blog.com

A very polite request :

| wish these e-Books are read only by Boys and Men. Girls and Women, better read something else; learn from
somewhere else.
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Preface

We all know that in the species “Homo Sapiens “, males are bigger than females. The reasons are explained in
standard 10, or 11 ( high school ) Biology texts. This shapes or size, influences all of our culture. Before we
recall / understand the reasons once again, let us see some random examples of the influence

Random - 1

If there is a Road rage, then who all fight ? ( generally ? ). Imagine two cars driven by adult drivers. Each car has a
woman of similar age as that of the Man. The cars “ touch “ or “ some issue happens”. Who all comes out and
fights ? Who all are most probable to drive the cars ?

( Men are eager to fight, eager to rule, eager for war. Men want to drive. Men want to win )

Random - 2

Heavy metal music artists are all Men. Metallica, Black Sabbath, Motley Crue, Megadeth, Motorhead, AC/DC, Deep
Purple, Slayer, Guns & Roses, Led Zeppelin, Aerosmith ..... the list can be in thousands. All these are grown-up
Boys, known as Men.

Takaaki Kafita
Prize share: 1/2 Arthur B. McDonald
Prize share: 1/2

Apart from Marie Curie, only one more woman got Nobel Prize in Physics. ( Maria Goeppert Mayer - 1963 ). So, ...
almost all are men.
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v

( Men want to excel. Men strive for perfection. Men want to win. Men work hard. Men do better than women. )
Random - 4

The best Tabla Players are all Men.

( Men want to excel. Men strive for perfection. Men want to win. Men work hard. Men do better than women. )
Random - 5

History is all about, which Kings ruled. Kings, their men, and Soldiers went for wars. History is all about wars,
fights, and killings by men.

Boys start fighting from school days. Girls do not fight like this

CBSE Standard 12 Math Survival Guide-Definite Integrals by Prof. Subhashish Chattopadhyay SKMClasses
Bangalore Useful for IIT-JEE, I.Sc. PU-1I, WB-Board, IGCSE IB AP-Mathematics and other exams



CBSE Standard 12 Math Survival Guide-Definite Integrals by Prof. Subhashish Chattopadhyay SKMClasses
Bangalore Useful for IIT-JEE, I.Sc. PU-1I, WB-Board, IGCSE IB AP-Mathematics and other exams

( Men are eager to fight, eager to rule, eager for war. Men want to drive. Men want to win. )

Random - 6

The highest award in Mathematics, the “ Fields Medal “ is around since decades. Till date only one woman could
get that. ( Maryam Mirzakhani - 2014 ). So, ... almost all are men.

( Men want to excel. Men strive for perfection. Men want to win. Men work hard. Men do better than women. )

Random - 7

Actor is a gender neutral word. Could the movie like “ Top Gun “ be made with Female actors ? The best pilots,
astronauts, Fighters are all Men.
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Random - 8

In my childhood had seen a movie named “ The Tower in Inferno “. In the movie when the tall tower is in fire,
women were being saved first, as only one lift was working....

==

Many decades later another movie is made. A box office hit. “ The Titanic “. In this also .... As the ship is sinking
women are being saved. Men are disposable. Men may get their turn later...

Movies are not training programs. Movies do not teach people what to do, or not to do. Movies only reflect the
prevalent culture. Men are disposable, is the culture in the society. Knowingly, unknowingly, the culture is
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depicted in Movies, Theaters, Stories, Poems, Rituals, etc. | or you can’t write a story, or make a movie in which
after a minor car accident the Male passengers keep seating in the back seat, while the both the women drivers
come out of the car and start fighting very bitterly on the road. There has been no story in this world, or no movie
made, where after an accident or calamity, Men are being helped for safety first, and women are told to wait.

Random - 9

Artists generally follow the prevalent culture of the Society. In paintings, sculptures, stories, poems, movies,
cartoon, Caricatures, knowingly / unknowingly, “ the prevalent Reality “ is depicted. The opposite will not go well

“«

with people. If deliberately “ the opposite
special mockery.

is shown then it may only become a special art, considered as a
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Random - 10

Men go to “girl / woman’s house” to marry / win, and bring her to his home. That is a sort of winning her. When a
boy gets a “ Girl-Friend “, generally he and his friends consider that as an achievement. The boy who “ got / won
“ a girl-friend feels proud. His male friends feel, jealous, competitive and envious. Millions of stories have been
written on these themes. Lakhs of movies show this. Boys / Men go for “ bike race “, or say “ Car Race “, where
the winner “ gets “ the most beautiful girl of the college.

( Men want to excel. Men are eager to fight, eager to rule, eager for war. Men want to drive. Men want to win. )

Prithviraj Chauhan ¢ went * to “ pickup “ or “ abduct “ or “ win “ or “ bring “ his love. There was a Hindi
movie ( hit ) song ... “ Pasand ho jaye, to ghar se utha laye “. It is not other way round. Girls do not go to Boy’s
house or man’s house to marry. Nor the girls go in a gang to “ pick-up “ the boy / man and bring him to their home
/ place / den.

Random - 11

Rich people; often are very hard working. Successful business men, establish their business ( empire ), amass lot of
wealth, with lot of difficulty. Lots of sacrifice, lots of hard work, gets into this. Rich people’s wives had no
contribution in this wealth creation. Women are smart, and successful upto the extent to choose the right/rich
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man to marry. So generally what happens in case of Divorces ? Search the net on “ most costly divorces “ and you
will know. The women;( who had no contribution at all, in setting up the business / empire ), often gets in Billions,

or several Millions in divorce settlements.

Number 1

Rupert & Anna Murdoch
-- $1.7 billion

One-of the richest men in the world, Rupert
Murdoch developed his worldwide media empire
when he inherited his father's Australian
newspaper in 1952, He'manied Anna Murdoch in the '60s and they
remained together for 32 years, springing off three children

They split amicably in 1998 but soch Bupert forced Anna off the board of

Ted Danson & Casey Coates --
$30 million

Ted Dansen's claim to fame is undoubtedly his decade-long stint as Sam
Malone on NBC's celebrated sitcom Cheers . While he did other TV shows
and movies, he will always be known as the bartender of that place where
everybody knows your name. He met his future first bride Casey, a
designer, In 1976 while doing Erhard Seminars Training

Ten years his senior, she suffered a paralyzing stroke while giving birth to
their first child in 1979 In order to nurse her back to health, Danson took &
break from acting for six months. But after two children and 15 years of

News Corp and the gloves came off. The divarce was finalized in June

7 marriage, the infatuation fell to pieces. Danson had started seeing Whoopi
1999 when Rupert agreed to let his ex-wife leave with §1.7

Goldberg while filming the comedy, Made in America and this precipitated
the 1992 divorce Casey got 530 million for her trouble

7 billion worth of
his assets, 5110 million of it in cash. Seventeen days later, Rupert married
Wendi Deng, one of his employees

See https://zookeepersblog.wordpress.com/misandry-and-men-issues-a-short-summary-at-single-place/

See http://skmclasses.kinja.com/save-the-male-1761788732

It was Boys and Men, who brought the girls / women home. The Laws are biased, completely favoring women. The
men are paying for their own mistakes.

See https://zookeepersblog.wordpress.com/biased-laws/

( Man brings the Woman home. When she leaves, takes away her share of big fortune! )
Random - 12

A standardized test of Intelligence will never be possible. It never happened before, nor ever will happen in
future; where the IQ test results will be acceptable by all. In the net there are thousands of charts which show
that the intelligence scores of girls / women are lesser. Debates of Trillion words, does not improve performance

of Girls.
3
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| am not wasting a single second debating or discussing with anyone, on this. | am simply accepting ALL the results.
1Q is only one of the variables which is required for success in life. Thousands of books have been written on “
Networking Skills “, EQ ( Emotional Quotient ), Drive, Dedication, Focus, “ Tenacity towards the end goal “ ... etc.
In each criteria, and in all together, women ( in general ) do far worse than men. Bangalore is known as “ .....
capital of India “. [ Fill in the blanks ]. The blanks are generally filled as “ Software Capital “, “ IT Capital “,
“ Startup Capital “, etc. | am member in several startup eco-systems / groups. | have attended hundreds of

CBSE Standard 12 Math Survival Guide-Definite Integrals by Prof. Subhashish Chattopadhyay SKMClasses
Bangalore Useful for IIT-JEE, I.Sc. PU-1I, WB-Board, IGCSE IB AP-Mathematics and other exams



CBSE Standard 12 Math Survival Guide-Definite Integrals by Prof. Subhashish Chattopadhyay SKMClasses
Bangalore Useful for IIT-JEE, I.Sc. PU-1I, WB-Board, IGCSE IB AP-Mathematics and other exams

meetings, regarding “ technology startups “, or “ idea startups “. These meetings have very few women. Starting
up new companies are all “ Men’s Game “ / “ Men’s business “. Only in Divorce settlements women will take their
goodies, due to Biased laws. There is no dedication, towards wealth creation, by women.

Random - 13

Many men, as fathers, very unfortunately treat their daughters as “ Princess “. Every “ non-performing “ woman /

“«

wife was “ princess daughter “ of some loving father. Pampering the girls, in name of “ equal opportunity “, or
women empowerment “, have led to nothing.

bantling brat whelp
bastard girl child

"Please turn it down - Daddy is trying
to do your homework.”

See http://skmclasses.kinja.com/progressively-daughters-become-monsters-1764484338

See http://skmclasses.kinja.com/vivacious-vixens-1764483974

There can be thousands of more such random examples, where “ Bigger Shape / size “ of males have influenced
our culture, our Society. Let us recall the reasons, that we already learned in standard 10 - 11, Biology text
Books. In humans, women have a long gestation period, and also spends many years ( almost a decade ) to grow,
nourish, and stabilize the child. ( Million years of habit ) Due to survival instinct Males want to inseminate. Boys
and Men fight for the “ facility ( of womb + care ) “ the girl / woman may provide. Bigger size for males, has a
winning advantage. Whoever wins, gets the “ woman / facility “. The male who is of “ Bigger Size “, has an
advantage to win.... Leading to Natural selection over millions of years. In general “ Bigger Males “; the “ fighting
instinct “ in men; have led to wars, and solving tough problems ( Mathematics, Physics, Technology, startups of
new businesses, Wealth creation, Unreasonable attempts to make things [ such as planes ], Hard work .... )

So let us see the IIT-JEE results of girls. Statistics of several years show that there are around 17, ( or less than
20 ) girls in top 1000 ranks, at all India level. Some people will yet not understand the performance, till it is said
that ... year after year we have around 980 boys in top 1000 ranks. Generally we see only 4 to 5 girls in top 500. In
last 50 years not once any girl topped in IIT-JEE advanced. Forget about Single digit ranks, double digit ranks by

girls have been extremely rare. It is all about “ good boys “, “ hard working “, “ focused “, “Bel-esgrit “ boys.

In 2015, Only 2.6% of total candidates who qualified are girls ( upto around 12,000 rank ). while 20% of the
Boys, amongst all candidates qualified. The Total number of students who appeared for the exam were around
1.4 million for IIT-JEE main. Subsequently 1.2 lakh ( around 120 thousands ) appeared for IIT-JEE advanced.
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IIT-JEE results and analysis, of many years is given at https://zookeepersblog.wordpress.com/iit-jee-iseet-main-
and-advanced-results/

In Bangalore it is rare to see a girl with rank better than 1000 in IIT-JEE advanced. We hardly see 6-7 boys with
rank better than 1000. Hardly 2-3 boys get a rank better than 500.

See http://skmclasses.weebly.com/everybody-knows-so-you-should-also-know. html

Professor Subhashish Chattopadhyay
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Spoon Feeding Series - Definite Integrals

Recall the various tricks, formulae, and rules of solving Indefinite Integrals
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For Integrals of the form
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Some advanced procedures....

_xﬂl
J‘{-H_'_bx}p‘i’" Puta+ bw =z

misa+ ve ihteper

dx
j . Fut a+ bx = zx
x™ (a + bx)”
where either (m and p positive
integers) or (m and p are
fractions, but ar + p = integers
> 1)
- n\P

Ix (ﬂ. + bhx ) dx,

where m, n, p are rationals.

() pisa+ w integer Apply Binomial theorem 1o

[a+ b)Jj]'D

) .p'.is-a — ve teger Put x = z* where & = common
denaminator of » and .
+l-i:‘mﬁ|tager Put [a+bd) = 2K where
k = denominator of p.

(R

@ 2L s an integer Puta + b=
" where k= dessominator of traction
f 8

j4 X dx 1J‘ (x° + &%) dx 1.[ (& — &) dx

X +kx2+a [x‘+k12+x‘} {x‘+kxz+a“]

J 1 ¢ 0f+d)dx J- (% - a°) dx
{x‘+kx2+a} 2g° "’ (x4+kx2+ar4} 2&2 (x +kx2+a}

J‘ X ¥ (2n-3) j’ .
(x2+k) k(En—E}(f‘+k}"'1 k(2n-2) fx2+k_‘_u”'1

j' ax ax’ + bx+c¢ .
{sz +Bx+ C) \f[axz +bx + G] we need to substitute sz +Bx+C
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Every student knows that the last step is ...

1.hf(:ﬁc) dox =[F (x) + g}b = F (b) — F (a)

Definite Integrals have to be solved by ( more than ) 14 different ways, depending on the type of
problem.

Type 1 - Here no property, specific to Definite Integrals is used.
The integration is solved completely as Indefinite. Finally the Upper and Lower limits are substituted.

Example - 1.1 -

x 1
[ —————dx
ol+sinx
If we need to solve
1
—adx
1+sinx
we should know how to integrate ( Indefinite Integral )

In the solution, notice that no special or specific property of Definite Integral is being used.
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Multiplying Numerator and Denominator by {(1- sinx)

1 1-sinx
1+sinx x 1- sinx
(1-sinx)
(lz—sin2x)

_ [ 1- smxdx

0 [mszx)

I=]
0
-
0
1 T sinx

ax - | 5
0 Ccos“ X

ax

0
[u]
n
R
x

T
sec? xdx - | tanx.secxadx
0

tanx ], - [secx ],

tan s - tan D] - [sec;r - secD]

0-0]-[-1-1]

I I
L B T O—u O—/HN

I
M

Similarly example - 1.2 -

2 2
f log xdx = [x log x — q:]
1 1

As we know from indefinite integrals that Integration of Ln |x| is xLn | x | - X
If we substitute the upper limitweget2ln2 -2
And substituting the lower limit weget1ln1 - 1=-1

Sofinalresultis2ln2-2-(-1)=2l2 -1

Example - 1.3 -
If we need to integrate by parts then do not apply the limits at intermediate steps.

Solve the whole problem as indefinite and then finally apply the limits
fuvd:t::ufvd:x—f(uffvdx) dr.
Recall
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1 2 4 N\ o—x g,
So to solve 'r 0 ('1' z 1] AL we proceed as above equation

letu=22+1and dv=e"*dzr. Then du = 2rdr and v = —e ™=

1 1
/ (-.1'9 +1)e *dr = [—(:1‘2 + l)e_z]é - 2[ re " dr
|= 0 0

1 1
/ g e = [—Ie_x]; +/ e Fdr=[-e"(a+ l)Ll.'
0 0

1
O/ (.1?2 +1)e Fdr=[-e" (Ig + 2+ 3)?; =—6e 1+3
Thus finally the required Solution is

Example - 1.4 -

M| =

1
[ x tan~! xdx =
0

B =

Show that

1 g 1 1 d
-1 —tan~l _ -1
[ x tan~' x dx =tan™ x| xadx '[j(] de) v (tan X)CD{

0 il
2 ! 1 2
- [ X tan1 x| -1 X IR
| < log f0l+x
- 11
2 1 2 _
Y e T [ e zldx
G lg 20 1+x
1 1
=l[ﬂj_l[[dx_] dxz}
NG 2o ol +x
1
T L[x—taﬂ‘l X:|
8 2 0
_r_lli_x
B 2 4
¥ 1 =
B o = e e
B 2 B
=_1
4 2
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Example - 1.5 -

avr+2 dx
Solve L Putx+2=t> sodx=2tdt atx=0t=/2 atx=2 x+2=4=t’=>t=2

IlJ - 2
15

—2[ (-2 i

‘[( ) (16482
=2f (-2 s
[ 2:-‘}1 16(2+2)
_5 3 7] N 15
32 _16 “\E+£:| IEN'E(JEH)

15

| = [ (£ =2 Wi 2udt F96—80—]2~E+20¢5]

b
|

[
L

Example - 1.6 -

[ let x=sinf = dx=cosfd#

x—x' )

(—d‘ r . - )

I: ) * When x = 1 0 =sin"' ! and whenx=1,0="
X 3 2

[

© (sinB-sin’0) Let cotf =t = —cosec2d df=dt
=1/= I ’ chusedﬁ
m = S
(1 T
Coa  a o) When & = sin =22 andwhenf=".7=0
* (sin G)"(l—sm'ﬂ]' 3 2
= L: ] T cos0 do .
ol b sm
1 2 , 5
= If ll(smﬂ)'" (fme)- cos6 d6 - Z_I Lt )3d
< sin e
’ _ | . 3 f-”
- (SinO) (cosO) 6 o =g
w2 sin”Osin” O 4242
. r ?\-”
= (cosB) , = _g "r]._-'
= _[ , —cosec 0dB g1 g
in —| (\|n8)_ : -1 2+/2
: : 3 \3
= .[—‘ ll(culﬁ)_‘ cosec’0d0 " _(2‘5)]
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ﬂmﬂ
:ﬂ[s)ﬁ}

3
=8[]6]
=3x2
=6
AIEEE ( now known as IIT-JEE main ) - 2004
Solve
w2 )
¢ o(sinx+cosx)”
(a) H — dx
0 'J(F.-ill X +cosx)”
2
= | (sinx+ cos x)dx
0
i
T2 (einx 53 [ cosx \2
(sinx<+cosx) = _ e -
The value of [ = dx 18 = TSI X
ﬂ V1+sin2x (e | .-‘ﬂ
(a) 2 (b) 1 (c) 0 (d) 3 =1-(-1)=2

AIEEE ( now known as lIT-JEE main ) - 2007

Todt T
The solution for x of the equation I =318
, Bt -1 2

(a) g (b) 242 () 2 (d) =

Solution :

._._‘_1 X J.E
!’EEL £ =

-1 -1 i3 -1 T T 3An
sec  xy—sec E:T:gec ,1-:T+I:_

v=—y2 There is no correct option.
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Example - 1.7 -

312 +xt =27 + 207 +1

IfI= 3 - dx, then
2 (x*+D(x" =1
I equals
1 1 1 1
a) — log 6 + — b) — log 6 — —
(a) 2 g 10 ®) 2 g 10
1 | 1 1
c) — log 3 - — d — log 2 + —
( 5 log T ( 5 108 10
Solution
W+t -2+ 2% 4+ 1
=20 (2 - 1)+ (2 + 1)
122 (% =D+ (2% +1)°
= dx 3 4
_ IJ— 2x° dx J-'!- dx Putx*+ 1 =1t 2x dr = dt
2P+ 2at - 10
10 =1 1
s “ Iy = L ——di = {log[r|+—)]
1 fx—1 ! s
2 x+1| | - lo Z—L
) & 10
=1 +l[1o L 1) Thus, /= ~ log 6 — —
| 2 32 83 us.—Eog T

How to Shift limits in Definite Integrals, when variable is changed is explained at

https://archive.org/details/ShiftingOfLimitsInDefinitelntegralStepsDiscussed1
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Type 2 - Here special properties of Definite Integrals are used

Let us see the list of properties
|?feoae=[" rydr
J‘:f(x)(h' = —I : S (x)dx . In particular. j:,f{x) dx=0
jb Flyde=] € flxydr+ Jb F(x)dx
. LR . b
J ! fx)dx=| ) fla+b—x)dx

J';f(x) dx = J-; f(a—x)dx

J:ﬂf(_‘\‘)df = j;f(_r)dv+j:f(2a - X)dx

[ f@dv=2]" f)dvxif f2a-x)=F@) and
0if f(2a —x) =—f(x)

(1) ' :;f (x)dx =2 i; f(x)dx . if fis an even function. i.e.. if f(—x) =f(x).
(i1) [_aaf(x]dr =0.if fis an odd function. i.e.. if f(— x) = - f(x).

The property of Modulus

b b
| [500 ax | < [ |feo]ax
a da

An Example to start the discussion

2 sin
inx .
[ is
ml+x
The absolute value of
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(a) less than 1077 (by ‘more than 1077
(c) less than 1078 (d) more than 107

Solution
_ 2 sin x |smx1
(8 c). = J-I+.I ‘[l+x
(1712 [ £ 1
19
i:l-i[}l+‘ts [+ |sinx|=1]
x> |
"{'Iﬂ =:]+].t3{.xls_
< Hﬁﬂ ‘.'I:#IUﬂl{L-
010 x

- -Ln-;— 10)
108

=9x108<10x108<107
Again, - 10'>100=10"<10"
~. given integralis < 107®

If the function f (x) increases and has a concave graph in the interval [a, b], then

f(a)+ f(b)

b
(b-a)f(a) < L f(x) dx < (b- a) 2

If the function f (x) increases and has a convex graph in the interval [a, b], then
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fla)+ f(b)

- i
< I f(x)dx < (b-a) f(b)
a

X

_[3 Cos” xdx
|

Example - 2.1 - Solve
As indefinite integral when we solve this we express Cos* x as Cos 2x form

- -

n a) -
] f(x)dx = |

o]
f(a-x)dx
But with limits O to m/2 we better use 0

i

[ = -[*' cos’ xdx - (1)

. _
y 2 T

= [= I‘COS [_} _‘\_Li‘_
)

7

i

= [ = _l-l-’sin? xdv -12)
Adding (1) and (2) we get
21 = ji(sin: x +cos’ x}dx
]

-2/ = fld_r

X

_>2!=[.1‘]I-T
=2/ =

2
="

4

Example - 2.2 - Is one of the most common questions, asked Lakhs of times in all sorts of school and
entrance exams.

—

2 Jsin x
_[ - dx
' yJsIinx + vfcos X
Find Modification of this problem is to divide the Denominator by /Sin x
bringing the numerator down ( below Denominator ). So the denominator becomes 1 + /Cot x
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—
- VCos : sin x i
— _- N ] 5
Also the problem could have been Veos + Vsinx or without roots ST COSX
'[: : Cusx. ;fx
Or Six - cosx The approach to solve these remain the same
- Y [——
E vSinx o 1) Y CALLE + 4/ COS X e
o Jsinx +Jcos x =7k . ——
. — 5INX ++COD5 X
sin x
Let/=[> Y T x
Vsinx ++/cosx — 9] I: |
e ?
,t \:qm[z—xJ .
=Y ey = 2f = [.‘{']3
T S ¢
( 5 Jms[_} :rJ
\ 2 2 n
=21 = -
cos
= [ = j ~ de -2 -
'-.."cm +4Jsinx T
===
Adding (1) and (2), we obtain 4
->
Example - 2.3 - Not only Sin x or /Sin x but Sin*Z x or Sin’? x or Sin®*"/2x

r.|(Odd Natural Number )/2

meaning Cos or Si x will have the same approach
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3 1
Let /= SUE k-1 If sin? x+cos’ x

i

. : 2] =
. - - = - 1 L
SIN° X+4+C05° X

L]
sin® x+cos’ x

:};=‘[: sm'[i"j] dx :}2;:1‘:;“{1.

(= I
sin’| ~—x [+cos?| —x .
B - ::-”’.-J:[x]‘

1]

: T
*  cos? 2V -
:‘I:_[.:: 4-;,05 x: d (2] = 21 5
sin? x+cos? x x
= [ =—
Adding (1) and (2), we obtain N -

Spoon feeding
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dx
IfI= —— then [ equals
JI"""-"1+,,’l;=|!.n.1c 1

b4 b4

. = by =
(a) T (b) 6
n n

e d =

(c) 2 (d) 3

Ans. (a)
Solution We can write

f:jﬂ VEOSY (1

o6 Jcosx + [sinx

b b
Using L fix) dx = L fla + b — x)dx, we can write

- [ Jcos (2 - x) .
 Jw6_[cos (2 - x) + |fsin (2 - x)
. ;3 ..fsin.r &

"®6  [sinx + ,/cosx

]

Adding (1) and (2), we get
(P age=? = %
2l = Lﬁ dx = X% = <
= I = 112
Example - 2.4 -
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I—’ (2log sin x — log sin 2x ) dx

Solve

Let /= _[?(Zlﬂg sin x — log sin 2x)dx
= I = L {Elug sin x — ]ug(lsinxuusr]} dx
== ff!lﬂg sin x —log sin x—log cos x - log 2} dlx

- [ = I}-’ {Ing 5in .r—lngcnsx—lngi}cir -{1)

_' : f(x)dx = : f(a—-x)dx

Applying we get

= [ = } {]ng cos x—logsinx—log2}dx(2)

]

Adding (1) and (2), we obtain

2] = Lf(—lugz—lugmr

b §
= [ =—(-log2
" (- 1og2)
1 =" 10g]
= —E {'IE,E
7="10g"
— —EUEE
Example - 2.5 -
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x
J‘—:n sin” x dx

Solve 2

Sin?x is an even function. Recall if we replace x with -x and then get the same value as the original

function then it is even function. Sin* (-x) = Sin*x

J‘:__ f(x)dx=2 f f(x)dx

So we apply
X
| = ZI:Sin' x dx

dx

-
) 2

e

1 oy Yy
1_[:I cos 2x

14

[?(1-cos2x)dx

|

~sin2x

-
i ]

I
| = . '
F=J

We could have also done
And then as before

X

21 =

(sin CX+COoST x }dx

— 2] = fld\'
_>2!=[t]n-:
= 2] =
2
— ="
4

- [
= I =
= [=

Soresultis2 Xmn/4=m/2

COs™ xalx -(1)

I;: 2 :'[

S Cos — X |dx
ol 2

-:'i

Isin xdx -12)
o}

But ideally | would have solved these problems by using gamma function
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show that
m+1l|n+l
I}ésin” xcos" xdx= |
9 5 |m +n+2
2
where m and n are integers.
Proof
Case I. When n = 0. Then
J:H sin” x cos” x dx
= E/zsin'xdr
= m-=| }; -
= [_sm xcosx:L Lm | I};sin"’dxdx
m m °

- m=1 Fésin""xdf
m 0

Learn more about Gamma function at

https://zookeepersblog.wordpress.com/gamma-function-integral-calculus/

Z2+1]0+

z x 2

OJ.- sin” xdx I: cos’ xdx 2| 240+
SO = J =

[ (8]

recall r 1/2 = f]T

[ %]

r3/2=1/2r1/2 becauser(n+1)=nrn 3/2is(1/2+1)son=1/2

r2=1 becauser 1=1 Solntegral=( ((Vz)fﬂ)( f]T) )/ 2 =TT/4

Example - 2.6 - These type of problems are known as removal of x
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xdx
solve " 1+sinx
xdy
I-Elf=r+ - (1)
"1+sinx

:.‘rwi':‘r (n-x) dx
l+5in(7r—.r)

n— _‘E
_.f_j ( dy - (2
| +sin x

Adding (1)and (2)

T ¢
21 = f—_t-’x
"4 sinx

. (1-sinx)

Y PEar—1 A
Y (1+sinx)(1-sinx)
= | = sinx

=2l=n —dx
Y cos x

=2l=n {sec‘ X —lan xsec .\‘} dx
) A

=2/ =n[tan x —secx]
=2/ ==|2]

= [=n

Example - 2.7 -
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x
j-:r. sin’ xdx

If{‘l] dx =0

Sin’ x is an odd function. Because Sin’ (-x) = - Sin’ x So we use

So answer is 0

Example - 2.8 -

4§ X
I Ccos” xdx
Solve

Let / = rcus’ xelx (1)
cos (2m-x)=cos’ x

We have

fd.;'(.\‘)c.{r =2 J‘Iff[.\‘)ch‘. if f(2a-x)= f(x)
=0iff(2a—x)=—1f(x)

Sl =2 rC{)S? xdlx

=1=2(0)=0 [cos’(x—x)=—cos’ x|

Example - 2.9 -
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-
= SinX —Cosx
[ dx

Solve | +sin xcos x

T sinx—cosx
Letfzj- ) de - (1)
" 14 sinxcosx
_A.j
dx

. [n ] (
L sin| ——x —cosL
= 2
1+sinL —IJC(}S( —;r}
2 2 )

;‘ "

S COSX—sInXx
:-!zj‘f_—dx -(2)

O 1+sinxcosx

A

Adding (1)and (2)

x
= 0

27 = [P— dx
" 14+sinxcosx

= 1=0

Example - 2.10 -

f log(1+cos.x)dx

Solve

Let ] = _r log(1+cosx)dx-(1)

= [ = flug(l+cusln—x'}]¢h
= 1= rlug(l —cosx)dx-(2)

Adding (1)and (2)
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271 = f{log{l +cosx)+log(1—cosx)}dx
=2/ = flog[l —cos” x )dx

=2/= fmgsin-‘nm

=21 = 2‘rlogsinxci\'

= [ = f]ogsinxc‘i\' -(3)
sin(m—x)=sinx

x
s 1=2[*logsinxdx - (4)

b 4 " x
= (= y
= [=2 f log Hlﬁ( . .\'Jci\' =2 f log cos x dx
] I
= -(5)

Adding (4 ) and ( 5 ) we get

b

2] = 2‘[ (logsin x +log cos x)dx
i
= [ = I (logsinx +logcosx+log2—log2)dx
X
== I (log 2sin xcos x —log 2)dx
X !
== I-' log sin 2x dx — _I-: log 2 dx
] )
Let 2x=t so2dx =dt when x=0 tisO andwhenx=m/2 t=m
| . T a
== flng sintdf —=log2
2% 2
::>]=lf—x|u"-’
272

n
= —=-—log2
2 25

= I =-nlog2
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Example - 2.11 -

[ Vx
Solve 'Vx+a-x

!_'l” Nd—X
Add with Va-x+x

Ix

Ix

;_nrzj"‘f;+ A
JJ;+~.I'H—.\“
=2 = _J'wn:

=21 =[x],
=2l=a

::»!:%

Similarly

5 Jx
= —a—ar dx then [ Is
L T en I equals

(a) 1 (b) 2
(c) 3 (d) 3.5
Ans. (a)

Solution Using the property

I:ﬂx}dx=J:ﬂa+b—x}dr

we can write

e
‘fr;+ B—x
Adding
5 -1' _ - _ 5
zf__[ J;+J3_x dx = Ldr_x;,
= U=5=3=2=1=1,
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AIEEE ( now known as IIT-JEE main ) - 2002

T 2x(l+sinx)

| - dx 1s

s 1l+cos™ x

(a) w4 (b) = (c) O (d) m/2
r xsin x

| dx 2| ————dx
(h) = J‘l+-:.m*: ® j1+(.0'-.1L
=0+ 2'[7“"”’ dx
1+ cos™ x

e 2]5 _rsin_:'

o l+cos™ x

n -
xsinx
4.[—2:11'
l+cos x

B preeriy

([ F nfoo

Lby using I,t_‘f(sm x) dx = 5-'- f(sin x) de
0 0

2 )
B[S
2 ' l+cos™ x
=4z {tan_] COS _r]{:t (By putting cos x =)
2
= 4 % [E— 0
4
2

= i
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AIEEE ( now known as IIT-JEE main ) - 2005

The value of f cns -

o g™
(a) w/2 (b) an (¢) 2n (d) n/a

dx, a> 0,

Solution
i 2
@ :Let f(x)= [ 22 Tar (a>0) ..
_T 1+a”
f(x) = :I: cos” x &
“nlva™

b b
| f(x)dx=][f(a+b—x)
a a

. & Fi
fy= | =S e
- l+a '
s i} —.[ g
2f(x)= [cos"xdx = 2[cos” xdx

0

i)

= 3>«2‘_| cos? x ax._ 2f(x) = 4>
0

b | =
A

b |

1 -

By using | sin” x dx

0
p=l H_S.....l T if niseven
no o n—2 2 2
T

f(x}=7+

Spoon feed with Sin® x

X g 2
=] 2 Tax, (1)
-x 1 +a"
a > 0, then I equals
(a) m (b) =2
(c) ar (d) am2
Ans. (b)

Solution  As in Example 2,

o [* G2,

- l+a*
X
a sin” x
= [ 2t (2)
-5 l+a
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Adding (1) and (2)
x a3
2 = J' sin? x dx
.
x 1
= 2_[ sin” x dx
i

P 4
= L (1 = cos 2x) dx

" x
sin 2x
= X - 3 =X
< /o

= I= ml.

Walli’s Formula

If n is a +ve integer then _{:”sin"xdr= Kécos"xdx has the

value

3 -n_3-n_5,....2 if n is odd
4 3

n n-2 n-
and the value

n‘!-"_j-nms ..... gl-Eifnisew.n
n n-2 n—4 42 2
Proof
Let [ = [Psin"xadr
» Jyzsm"(——x]a‘x If(x)ab:
= [ fla-x)ax
= jo’cos"xdx
cos""xsinx% n-1
=[ 4 K/z cos™? x dx
n o n
n-1
= [ =—1,, <iH
n
Replacing » by n — 2, we get
n-3
= ’ wi (2
n-2 H_z 4 ': )

Putting the value of /,_, from (2) in (1), we get

I = e fn_q {3}
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Replace n by n — 4 in (1), we get
= :j;,_,., . (4)
Putting the value of I, _, from (4) in (3), we get
n-1 n-3 n-5
h,= n ‘n-2.n—4
Proceeding in this manner, we see that two cases arise :
Case 1. When n is odd, then

n-6

_ =1 =3 =8 3.;
" n n-2 n-4""3"
Now I J'fsinxdr
= (~cos )2
= |
F _n—l.n—3.n—5 E
K B e gl
Case I1. When »n is even, then
1_”_'."_3."_5 J__f
" n n-2n-4""2"7
Now I = Ifsin"xdr
= (02
_'.l'l.'
2
J = n—l.n—J.n—S _l-.f.
" n n-2n-4""22
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AIEEE ( now known as IIT-JEE main ) - 2006

&

8 X .

Th 1 f the int I, | ——7=dx 1§
€ value o € Imnicgra [JE-F-\{: X
(a) 1/2 (b) 3/2 (&) 2 (d) 1

Solution - (b))

b fx) oy e B
e —=[ f(x)dx=—
J@+b+x)+ f(x) 2
? J_ _6-3_3
3V — J_ 2 2
AIEEE ( now known as IIT-JEE main ) - 2006
-mf2 y
I [(x+m)’ +cos’(x+3mn)]dx is equal to
—3im/i2
oL wiZl@gl @l
a = — = N =t =l
32 ) 32 2 2 2
Solution :
() : Let I= T j_(.x'+x)3.—c053{.1'—_%x)—| dx
e =
Puinag A A = 0 (an odd function) +2 _Tco:, z bz
also x=—or=Tandx=F T 1 :
2 2 2 3 _puzlyx®
dxy = d= 2 2
and x+3n=z+2n f =
. 4 using fact [ sin” xdx
3 I 0
I= +cos2(2m + 2)]dz : :
_'T[ ( ] [pF-1n-3 1 = WL ‘
£ _ ] a=27T22 -
ki x | n-in-3 2 if”=-.ii.r+1‘
= I _3{?,__ |HC0‘5‘ dz n n-2 2 !
—n == =
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Type 3 - Special Definite Integral Formulae

Great mathematicians proved and Derived many interesting results. We have to know these results as
of standard 12. Deriving all of these is not in course of IIT-JEE, or PU

Je "“*dx=£ a0

5 a

In+l
- ?:: ) n=-1, a=0
fx“e gy =1 *
o n! =0 itive inteoer oo i 22

o ax 0, n positrve nteger jE'-ﬁd{'=% e =%
J-E —ai—xzcb _ 2ﬁ a=0 0 CEI:
0 * = T 3 k, =I'_
- 1 jxe‘-“dx = xietdx ="
| xe ~ iy =~ 0 2 ” 8
A 2

o - =

?xag—xlir=ﬁ ijE‘XQd)C:% e rldie=1
0 4 0 0

Or say to scare you more

r Infe 4+ beosx)de = zln (“""—_ 'l";ﬂ_f'ﬂ}
b

it 2xlna, a=h>=10
r In{a? — 2ab cosx + M) dx =
“ 2rlnb, b=Za =10

i
f In(l + tanz)dx = %1112
o

rig
f secx In (i—j_m) de = Mlcos—!a)® — (cos—1b)2}

0 = 4 cos X

i
_ . _— .
[‘ In (2 sin ;) de = —(5111&+517;ga+51323“ i )

]
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While the Indian toppers of IIT-JEE will know how to do these

w

> n—1
f sin™ x dx I, = S

0 n

3 n—1
f cos™ x dx I, = I,

0 n
J’%Sin 2nx I = 2(-1)*1 ;

, sinx o mT Ton—1 n-l

: "xd I !

te = — Iy
a nn—1)

e cosxdx I, =—

n2+a2 n2+4+q2 "2

SE

n

T
x"cosxdx I,= (E) —nn—1),_,

o é‘-gmé"'-ﬂ

Some of the Derivations are given at

https://zookeepersblog.wordpress.com/iit-jee-integral-calculus-indefinite-definite-integration-
skmclasses-south-bangalore-subhashish-sir/

L“ log (1+ tan x Jdx

Solve ( This was there in the formula list above )

Let /= j“* log (1+ tan x)dx

T b
o :I: log |:l+ tan[g—xﬂdx . .
_ _ = [ = I4 log2 dx — .[: log (1+ tanx)dx

tan © — tan x
4—

::>I=J‘r:‘]og 1+ dx :f=‘[_f]08 2dx 1

l+tan tan x x
4 = 2I =|xlog2]:
= l—tdrlx
== dx = [ = T log?2
-[ (I+t“mx] g °
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Type - 4 - Integration of a modulus function. To be done piece wise due
to break or reversal of value(s) somewhere.

_E X+ 2| dx

Around x = -2 the value of ( x + 2 ) flips. Student can solve x + 2 =0 to get x = -2

Example - 4.1 - Solve

In some cases there will be a Quadratic function inside the modulus. In those cases there may be two
separate values around which the value of the expression flips from positive to negative, or vice versa.
These are the real roots of the Quadratic Expression. If the roots of the Quadratic expression are
imaginary then the expression is either positive or negative for all values of x

So | x+2|=x+2forall x> -2 or rather right side of -2 ( Better written as -2 < x, as per number line )
Andforx<-2 | x+2|=-(x+2)=-x-2 This ensures that | x + 2 | is always positive

Thus the integral has to be split from -5 till -2_ [ meaning -5 till less than -2 or -2-6 where § is very
small positive number that tends to 0 ( zero ). Mathematically we write Lt § -> 0]

While the other part will be -2+ to 5 [ meaning -2+0 till 5 where 6 is very small positive number that
tends to 0 ( zero ).

So we have the solution as

= [ e [ 2)e ([1 ()= [ £ ()4 [ 1 ()

. -0 . -5
x X
[ = —{ +2x J{ +2x

_|{ ;) +2[—2)—( ;] -2(-5) |+ {32} +2(5:.—( ; -2(-2)
: 25 25
=—2-4-= +m}+[ - +|u—3+4}

2 25
=-2 4+'TS—H'I+'2—>+IU—2+-I

=29
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Example - 4.2 - Try another one where modulus flips around 5

_‘:|_1'— 5‘:.{1'

Solve ==

X-5<0in[2,5] and x-520in[5,8], thus

/= J.:—(.I—S)dr+-[:(x—5)dr

- 5 5 &
X . S
| Eoss| o] Zosx
2 2
2 5

25 25
=——=-25-2+10 |+ 32_4{'}-T+25

2 2
=9
Spoon feed
2
IfI= J , (Ix+ 11+ lx + 21 + Ix = 11) dx, then
I equals
31 35
a — b) —
(a) > (b) >
37 39
c) — d) —
(c) > (d) >
Ans. (a)
Solution We can write
I = !1 + Iz + .Ir_q
2
where fl=j‘1lr+l|dxe;u:.
Put x+ 1 =1, so that

3 0 3
II=I md::J (—r)dl+jrd:
=3 -2 0

I
|
b | =
-
b
A 2
+
b | =
-
[3=]
1
—

Similarly, I, = I, = %

31

Thus, I =
2
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Example - 4.3 - Try to integrate modulus of Quadratic function
Let us cook the Quadratic Q(x) such that it has roots 1 and 7

SoQ(x) willbe (x-1)(x-7)=x*-8x+7

The graph will be

It is obvious that Q(x) is +ve when x is less that 1 or when x is greater that 7

Q(x) is negative when x is in between1or7 ( 1<x<7)

11

|Q(x] dx
Now if we need to find -1 then we have to split from -10 to 1 then 1 to 7 and 7 to 11
1 11
(x2-8x+7) dx =0 B 7 & I(x2_8x+7]dx
So -10 + +

If the Quadratic function has imaginary roots b’ <4ac (sayb=2 a=3and c=4)

It will be above x axis always ( a being positive )

y=3x"+2x+4

Q(x) = 3x> + 2x + 4 which will have a graph of -5 -1o -5 a0 as

So if we have to integrate from any lower limit to any higher limit of | 3x? + 2x + 4 | if will be straight
away done by integrating 3x? + 2x + 4
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AIEEE ( now known as IIT-JEE main ) - 2002

10n
@ : [ [sinx|dx

n

10x 1
= j |sin x| dx — J |sin x| dx
10w
[ lsinxldx is 0 0
™ =10x2-1x2
(@) 20 (b) 8 (c) 10 (d) 18 =18 (Using period of [sin x| = =)

AIEEE ( now known as IIT-JEE main ) - 2004

3
The value of [ |1-x7|dx is

=

(a) 7/3 (b) 14/3  (c) 28/3 (d) 1/3 The value of the Quadratic flips around -1 and 1

Lid

3
(©) : ( Lo ‘d.*r = | |(1 —x)(1+ .*.')| dx

»

[ ]

=%
Putting 1 — x> =0 . x ==+ 1
Points -2, —1. 1, 3

5 [ 1= G e

] Y=
1 |_[l—(l—x3}j ifx<-land x=1

-1 1 3
_ J{.TZ —1)dx+J (1— x3)dx +J[1‘2 —1)dn
i -1 1
4 (2) 2 28
3 i) A 3
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Example - 4.4 -

w6 T+4x
If I =
J—mﬁ 1 —sin (|x| + 26) dx, then ]

equals
(a) 4 (b) 2+ W3
(c) 27— 3 d) dr+ 3-3
Ans. (a)
: ax’ . .
Solution As - is an odd function, and
1 = sin(|x] + 2/6)
T . .
- is an even function, we get
1 - sin [le + J'dﬁ)
6
I=2x I __dx...._
0 1=sin(x + 26)

Put x + @6 = t, dx = dt

B dr

I'=27) 6 1—sint

3 | -sint
=2 — dt
'[ﬂ'ﬁ cos’ ¢

27 (tan 1 + sec 1))

o 3)
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Type 5 - Cousins of B functions

Beta functions are not directly in course. But in past 50 years, twice in IIT-JEE we had similar
problems.

. . J af(,\')d.\' = | a_,f'(a - x)dx
Let us start with an easy example - 5.1 - Which can be solved by - © +4

f\( 1 - x)" dx

Find

Let/= ‘rl:c(l ~x)" dx ] |
= [(1=x)(1-(1-x))" ax ol P
=_[(' x)(x) dr (n+2)—(n+1]
zf__(:c”—x"‘ ')ax (n+1)(n+2)
! as2 ' |
(

X _
n+l n+2| (H+]) n+ .2 )

I - >

The same problem was asked in AIEEE ( now known as IIT-JEE main ) - 2003
So solving in another way for practice

1
The value of the integral = [x(1—x)"dx is
0

1 ) 1 1 1
n+2 ®) n+l n+2 (©) u+l n+2 (@

‘ -

(a)

,_,

=
I

—

CBSE Standard 12 Math Survival Guide-Definite Integrals by Prof. Subhashish Chattopadhyay SKMClasses
Bangalore Useful for IIT-JEE, I.Sc. PU-1I, WB-Board, IGCSE IB AP-Mathematics and other exams



CBSE Standard 12 Math Survival Guide-Definite Integrals by Prof. Subhashish Chattopadhyay SKMClasses
Bangalore Useful for IIT-JEE, I.Sc. PU-1I, WB-Board, IGCSE IB AP-Mathematics and other exams

1
(b) : j x(1=x)" dx
0
Putting  x = sin’0
dx =2 sin 0 cos 6 46

and x=0,0=0
x=1,0=mn/2
1 2
jx(l - x)dx _ J sin” B cos>" O
0 0

(2 sin O cos 0)d0

= 2[sin’0cos®” * 940

o ey | A

22
Using I sin? *1@cos? * 040
0
[(2a)2n = 2)..2][(2n)(2n - 2)...2]
- (4n + 2)(4n)(4n - 2)...2

2
2 j sin” @cos”" " '0 40
0
2[2x(2n)(2n —2)(2n —4) ..4.2]

(2n+4)2n+2)2n)2n—-2)...4.2
2x2x1
(2n +4)(2n + 2)
|
(n+2)n+1)
1 1
n+l n+2

(by partial fraction)

This was simplified version of Gamma Function. In fact Beta Function and Gamma Function are related.
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Example - 5.2 -

L /2 = xdx

Solve

Let/ = j“ xv2 - xdx
/ =_[j(2—x_]«..fr;cir

3 9 5
N _42)r -2 (2)
:..- 195 — 52 Ly 3 5
il |
- Ax2J2 2
' :74;.(‘_\;&_::(4\5‘
— I{ . ;—.: : S
x| X _82 82
173 5 3 5
2] 2] 402 -24\2
- ) 15
4 1 2° |
S . R _lﬁxﬁ
L o i 15
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Example - 5.3 -

Evalute j:ﬂ X2 (2a-x) 72 dx.

Solution :
1= ["x*(2a-x) "

Put x=2asin®0
dx = 4a sin 6 cos 0 4B

_{D}é{2a)% sin® 0 (2a - 2a sin’ H]_’% -4a sin § cos B dO

Il

B jn%(Ea]'% -sin’8-(24)*2 cos™ 0- 4a'sin @ cos 0 6

Il

(2a)" - 4a- J‘:'Esin"T 046
(4}

Using Walli's formula

Example - 5.4 -
If fﬂ = I:(ai_xZ)"dx‘ ﬂ[td n > O, prove 'that
_ 2na’
T 2p4l
Solution : We have
L= L"(a: ~x )nd‘ Put x=asin

& dx = a cos 0 df
» j:’é(az ~a’sin”6)" (a cos 0) @0

- a2u+l j:écﬂsiha-lede

S
= g [cns BsmBJ . 2n I%cnsz”"ﬁdﬂ

2n+1 o Zn+1 70
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2n
2n+1

2
2na

= {a’"" J'%cnsz"'] 0 dB}
[

2n+1

g J'hmszn-l 0 db
0

2na’
2n+1

i

=1

You can learn more at

https://zookeepersblog.wordpress.com/beta-function-integral-calculus-definite-indefinite-integration-
skmclasses-south-bangalore-subhashish-sir/

Type 6 - Integration with greatest Integer functions ( Also known as floor
Function )

[2.3]=2 while [2.9]isalso2 asitisthe Integer equal or below ( lesser ) than the number

Note - most average students make an error in floor of negative number [ -6.3 ] is -7 as -7 is the integer
just lesser than -6.(whatever)

L]
Floor function is also written as

Example - 6.1 -

2(x)
The value of the integral I(x ~[x]) dxis
0

(@ [x] (b) %[r]
() 3[x] (d) 2[x]
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Solution :

2[x) 2[x}1

Jr-1x) = [(x-[x)) &
0 0
1
=2[x] I[.\'—[I])dr
0
[ x~[x] is a periodic fn of period 1 ]

¥

=2[)| -

I
I
- =201(3-0) -

AIEEE ( now known as IIT-JEE main ) - 2002

NG l V2
P © : J’ [x2)dx = J.[.rz]a‘x s _[ [x2]dx
[ [x*ldx is 0 0 !
: NE) 2+42 T
(a) 2-~2 () 2+ =0+ | ldx = 7 1
@ ~2-1 ) v2-2 ,
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Spoon feed
1.7 5
If I = L [x?]dx., then 7 equals
(a) 24 + 2 (b) 2-4 - 2
(c) 2:4 - 2 d 2-4 - W2
Ans. (b)

Solution Put x* = ¢

1
or x=\|";0rdx=~—rdl

21
_ j‘l'.‘i'? [r]
0 ZJ'
R Y o I 20
I
=U+,[ J'd' J-zaoz =(2JE-J1_}+2(|,?-J§)
=24 - 2 \
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AIEEE ( now known as IIT-JEE main ) - 2002

I = -L.[ﬁmn” x dx, then limn[/, +17,_,] equals
[i] n—Fx
(a) 1/2 (b) 1 (c) = (d) 0
/4

() : I, = J tan" x dx

/4
I 4 I tan" ~ 2 x dx
N =
/4 mid

j tan” x dx + I tan” 2 x dx
0 0

i /4
¥ PR
= _‘- tan" ~* x % (sec’x —1) dx + j tan" " “ x dx
0 0

/4

S |
J- tan" ~2 x sec” x dx
0

Lt on@ +1_)=1

R e

Example ( Be Careful Just because [ ] is used do not assume greatest integer function. Solve the
problem as greatest Integer only if it is told or as per context. )
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The value of

= ‘[ﬂz[x3+3x2+3x+(x+1}cos(x+1)]dx. is

(a) - 4 (b) — 3
(c) =2 (d) -1
Ans. (c)

Solution We can write
0 3
I = Izi(x+ 1Y =1+ (x+ 1)cos (x + 1)}dx
Put x + | = 1, so that

1
I=I||r"~i+rcosz]dr

=J-II (- 1)dr=-r]'_| ==-2

As t? + t Cos t is an odd function

AIEEE ( now known as IIT-JEE main ) - 2006

The value of _[[x] f'(x)dx, a>1, where [x] denotes
I

the greatest integer not exceeding x is

@ af(@-{()+f@2)+..+f([aD}
(®) [alf(a) - (D) +1(2)+..+f(a])}
(© [alf([aD - Q)+ f(@2) + ... + f(a)}
(d) af([a) - (1) +f(@2) +... + f(a)}
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Solution :

(b) : ?[-T]fJ(-‘*'}fi\'. say [a] = K such that ¢ > 1

T (K=1)f'(x)dx+ | KF'(x)dx
E-1 E
=f(2)=F)+2[fB)-f2)]+3[f@)-S(3)]+ ...
(K-1)[f(K)-FfK-1]+ K[f(a) - f(K)]
== [P 1@+ < + (K] ~ K f(a)
=[alfl@) —[FQ) + @)+ ...... +f([aD]

Example - 6.2 -

If I = I:[[flﬂng{;ii)]dr (1)

where [x] denotes the greatest integer < x, then / equals

(a) - 2 (b) = 1
(c) 0 (d) 1
Ans. (¢)

24
Solution  As log ( > o

J is an odd function, we can
2-x

write
I
I= ’1d. 0
J—l [x")dx +

But for—1<x<1,0<x* <1 and thus, [f]:[]
I=0.
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Example - 6.3 -

2
_[[II] dx is equal to

-2
@@ 10-2J3-2J2 () 10+23-242
(c) 10-2J/3+2J2 (d) none of these

Solution

2 2
(a). I[:r"'] dx=2 _[I.vr2 Jdx [+ integrand is even]

-2 0
1 47 Ji 2 1
=2 J[x:]dr+1{x2]dr+j[.rz]:ﬁ+J-[.t:]d.t
0 | J2 ]
[x2]=0if 0sx < lif ISx<y2: |
2if V2 Sx</3;3if VIsx <2
1 2 NE] 2
=2(fodv+ [1de+ [2d0+ [3dx
0 [ V2 ¥l

=207 +40)[ +6(0)['5
=(10-243-242).

CBSE Standard 12 Math Survival Guide-Definite Integrals by Prof. Subhashish Chattopadhyay SKMClasses
Bangalore Useful for IIT-JEE, I.Sc. PU-1I, WB-Board, IGCSE IB AP-Mathematics and other exams



CBSE Standard 12 Math Survival Guide-Definite Integrals by Prof. Subhashish Chattopadhyay SKMClasses
Bangalore Useful for IIT-JEE, I.Sc. PU-1I, WB-Board, IGCSE IB AP-Mathematics and other exams

Type - 7 - Problems with functions, derivatives, with some given
conditions etc. These are more common to be asked in various
Engineering entrance exams.

AIEEE ( now known as IIT-JEE main ) - 2003

Let f(x) be a function satisfying f'(x) = f(x) with
f(0) =1 and g(x) be a function that satisfies

f(x) + g(x) = x°. Then the value of the integral
1

[ f(x)g(x)dx is

0
2 2
: = 3
(a) e+“%—% (b) e—%—;
e e
(c) e+€7+'_; (d) e—%—‘;
I I
jf{x]g(x] dx = jex{_rz —e%) dx
0 0
1 I
= J._rchtdx - jezxd_r
0 0
1x 4
e
= [(2 - 2x + 2)&]} - [ ]
2 )
2% =1
(b) : As  f(x)=/"(x) and f(0) = 1 =(e-2)- )
N .f.'(I) 5 ) 2 3
J ) se- 573
= log(f(x)) = x Using /" (x)e* dx = &f"(x) — f;"(x) + f5;"(x) + ...
= f)=&&+k + 1))
= Jf)=eas f(0)=1 where f}, f, .... f, are derivatives of first, second
Now g{(x)=x2—¢* ...n™" order.
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Example - 7.1 -

Letg (x)= If(f]df, where fis such that % Sf(H<s1
5 _

forte [0, l]ando's,f{:)s%fme [1,2]. Then,

3 1 3 5
(a) -558(2)55 (b) 553(2}55

© %53(2)5% (d) none of these

Solution :
2
(c). We have, g(2)= [f(ar
0
1 2
= [f@di+ [ fyde i)
0 1

Now, %Sﬂr]s l,fOH'E'[U, 1]

and, OSf(r)S%,forre [1,2)

I
I
=5 5(1-0)5!)’(:141:51(1—0)

and, 0(2-1)< jj(:)dr < %(2-1)
1

CBSE Standard 12 Math Survival Guide-Definite Integrals by Prof. Subhashish Chattopadhyay SKMClasses
Bangalore Useful for IIT-JEE, I.Sc. PU-1I, WB-Board, IGCSE IB AP-Mathematics and other exams



CBSE Standard 12 Math Survival Guide-Definite Integrals by Prof. Subhashish Chattopadhyay SKMClasses
Bangalore Useful for IIT-JEE, I.Sc. PU-1I, WB-Board, IGCSE IB AP-Mathematics and other exams

[+ m<fix)sMforxe [a,b)

= mfb-a)sjﬂ.r)afxs M(b-a)

: 2

: I

35S J; f(ndr <1 and DSJ'f(r)drsE
|

2

1
- % _[f(:)d: j,f(ndrs%
0 I

1 % 3 ] 3
= - dt <= - -
B i:[ﬂ” t or 253’(2)52

AIEEE ( now known as IIT-JEE main ) - 2003

Iff(vy=e?. g(¥)=v:y>0and
b
F(r) = f(z —y)g(y)dy . then
0

(@) F(t)=e' —(1+1) (b) F(n=te’

(c) F(n=
(d) F(H)=1—-e™(1+1).

i
(a) : From given F(1)= J_,f{r —-y)g(y)ay
0
= J-e “Yydy (By replacing y — ¢t — y in f(y))
0

A1) = —J' (t — 0)e°d0 = J' (t - 0)e’d0

—(fﬁ‘)ﬂ—[(ﬁ—l}f']
=fe—1)— (1 — e — 1
=elt—t+1)—t—1

=e—(t+1)
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Example - 7.2 -
Let f(x) be a continuous function in [-2, 2] such that

z
S@*+fG)=f(x+y) then [ f(x)dx =
' -2

(a) ZTJ" (x)dx () 0

(©) 2} @ (d) none of these

Solution :

(b). Since,f(x)+f(¥)=f(x+y) (1)

Replace y by — x
= fx)+f(=x)=f(x-x)
= fx)+f(=x)=f(0) -(2)
Also, using (1), we have
SO)Y+f(0) =f(0+0)=£(0)
= f(0) =0
Sl=x) =-f(x) fusing (2)}

- j-f[.r)dr =(
-2
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AIEEE ( now known as IIT-JEE main ) - 2003

b
(a), (¢) : Let I = I.r_}"(.r) dx

a

b
= I(a +b—x) f(a+ b—x)dx

b
Ef(a+b—x)=f(x). then [xf(x)dy isequal to

a a b

b
= j(a+b) fla+b—x)dx—

. b b i
@ 22 | feax ® 222 T reoar jxf(a+b x) dx
? - a i b b bt
© ﬂ':b ?_}"((r+b—.1')d1' I= I{a+b)f(x)dx~j_\_cf'(x)ci\f
= a a a
b bt bt
@ 2 ro-nar o “; J_f(x)d.u“; [ rta+b-xax

AIEEE ( now known as IIT-JEE main ) - 2003

T35? o
=5 [—33"”1-‘ dx = F(k) — F(1)
1 x
d esm_s: 64 sinz
La EF{X}=[ x ] x>0, = —[ ¢ d-= F(k) — F(1) where (.\'3 =1I)
: Z
4 x 3
If {%e““" dx = F(k)=F(l), then one of the = [}:(:)]164 — F(k) — F(1)
possible values of & is =  F{(64)— F(1) = F(k) — F(1)
(a) 16 (b) 63 (c) 64 (d) 15 = k=64
AIEEE ( now known as IIT-JEE main ) - 2004
13 /2
x f(sinx)dx = 4 (sinx)dx,
o yremnde= Al flemnde @) w4 )« © 0  (d2r
m 2 T
I N A T = iy d-
M) : ‘.‘-'f{sil‘l Nydx = A| f(sin x)dx K if(smx)m 2 !I(sm *)dx
.0 0 T T
Li: 3 2
: Tt F =% 4[}’(51111’1 = ‘f(sm\]d\
or AI_;‘(sin V)dx = J “(sin x)dx —j\f(sm X)dx 5 A
0 “o 0 = 4=r=
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AIEEE ( now known as IIT-JEE main ) - 2004

2t fla)
If f(x) =—5—,1,= [ xgix(1-x)}dx and
1+e” f(—a)
fla) _.(2 )
I, = | gi{x(1-x)}dx, then the value r_:-f",r—1 is
Jl=a)
(a) —1 (b) -3 (c) 2 (d) 1
Solution
. b b
{?l - \ \
(€ : As f(x)= - using Jf(.\')d.\' :J fla+b—x)dx
1+e a a
grr g—a fla)
fla)y= —— and f(-a) = —— = 2 f xg{xQ-x)}dx
l+e l+e flea)
fea+f@ =1 P
7@ - J' g {1 —x)x}dr
Now J xg{x(l-x)}dx = 1a)
T = 25 =1
Jf(a) 2
[ a=vg{a-0E)}d L_2
7(-a) L1

AIEEE ( now known as IIT-JEE main ) - 2005

Let F : R — R be a differentiable function having
f(x) 3
; ; 1 _— 4¢
2y=6. f'(2)=|—). Then |
f(2) f'(2) (48) im | =7

=2 e

dt

equals

(a) 36 ) 12

(b) 24 (c) 18
Solution

flx) .3
i dr  (0/0) form.

(©): U

x— 2

[
G

' o R ]
lim fi(x) < 4(f(x)

x—2 1

(2]

45'(2) x (F ) =§- 4565 656=18
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AIEEE ( now known as IIT-JEE main ) - 2006

T

[x f(sinx)dx is equal to
1]

(a) =« ff{cosx)a’_r (b) =« i_f(sin_\')d.\-

n/2

(c) g- a[_f'(_sin_r]dr (d) = ':[ S(cosx)dx

mi2

Solution :
i
(d) : Let I=[xf(sinx)dx ... (i)
0
T
I=[(m—x)f(sinx)dx
0

a a
using [ f(x)dx =] f(a-x)dx
0 0

By (i) & (ii) on adding

— [ f(sinx)dx

D—IJ'?—!

-
I=—]f(sinx)dx =2
<0

[using __Ff(-l')df = lj?f(n'}d?«' if f2a — x) = fix)]
0 0

bl =

fl 51'11(%—1')-} dx=n[ f(cosx)dx
- 0

Il
|
= L ]

AIEEE ( now known as lIT-JEE main ) - 2007
Let F(.l'):_f{x)+_f(:1¥), where_,"{xl=]b—g!

 1+¢
Then F(e) equals
(a) 1 (b) 2 (c) 1/2 (d) 0

Solution :

1/ x
_ T Int < Inr
(o EGR)= [ s j—m

dar

Int Int | T lnt )
el T = —n‘r Inx
(1+10)1 l } ( )
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IIT - JEE 1998

I [ £ 0) dt =x + [1 £ dt, then the value of f (1) is

1
(A) 3 (B) 0 1
(A1 (D) 5
Solution :

J;f(f}dt=x+ﬁ t f(t)dt,

Differentiating both sides w.r.t. x, we get
fx)1=1-x f(x)-1

= (1+x)f(x)=1
= f{x) =1f’£1 +x)1
~ T

Thus (a) = ¥ is the answer

Example - 7.3 -

If /2 R — R is continuous and differentiable function
such that

x 0 x
[ r@®yde+ 7@ [de = [ ar
-1 x 1

x 3
_f(l)j'rzdmf"(?.) Irdt,
then the value of /'(4) is ’ )

(a) 48-8/"(1)-"(2)
(b) 48+8"(1)-f"(Q2)
(©) 48-8f(1)+f"(2)
(d) 48+87(1)+/"(2)
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Solution

(a). From the given equation, we have
[ ryae-xr7G)
-1

4 1
X

-[5-3 J“n)—+f'(z> -

Differentiating w.r.L. x, we get

SO ="3) =x* =21 (1)=x"(2)

Differentiating again, we have
S0 =32 -2¢"(1)-f"(2)
£(@) =48 -8 (1) —f"(2).
Example - 7.4 -

If fand g are two continuous functions being even

and odd, respectively, then I

to (a being any non-zero number and b is positive real
number, b# 1)

(a) independent of f

(b) independent of g

(¢) independent of both fand g
(d) none of these

ﬂ” —=———dx is equal
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Solution :

). Since, | xf()de = | FCdes [ £ x)ds
—-a 0 0

W AC f(x) .t f(=x)
Jb‘"'+l+£b‘("’+l

J' LAC) R S A C)
o BFF 41§ pEW 4

Type - 8 - Differentiation of a Definite Integral often combined with L

Hospital’s rule. Generally in most schools L Hospital’s form itself is avoided. Differentiation of
Definite Integrals with functions as lower and upper Limits are knows as Leibniz forms.

Learn more of Leibnitz forms at

https://zookeepersblog.wordpress.com/leibnitz-rules-for-differentiation-of-integrals/

Leibniz Integral Rule

bz biz)
) Blz)
o) ' _ i T oA . Ll
oz flzyydy| = f a;;[fﬁ-éh] ay + [JT T.Y) '3'$} =alx)
y = alz) y=alr)

While the easier version is

fa(x)
4 f g(x)dx = g(B(x))E(x) — g(f(x))E| ix)

dx )

Most problems of Standard 12 ( Engineering entrance ) are doable by the 2™ ( easier ) version of
Leibnitz.
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IIT-JEE 2004

[ xf(x)dx = :ts’
If f(x) is differentiable and given as 0 2 then find f(4/25 )

Solution - Differentiate both sides with respect to t ( using Leibnitz 2" form )

o 2
t2.£(t%).2t = = 564
2 Here if we put t = 2/5 we get t*=4/25 So f(t?) = t Thus f(4/25) = 2/5
Example - 8.1 -
If F(x) = J (2 + 4 cos.r-ﬁ'- dr then F',(EWI is equal to
4 dr / \6/
(a) 172 (b) 2 (c) 3/4 (d) 3/2

Ans. (d)

Solution F(x)=j (2 = sin 1)dr so F'(x) = 2 - sin x.
3
Thus F'(n/6) =2 - 1/2 = 3/2.

IIT-JEE 2007

I-seczx

o 2 f(t)dt
111

Solve x—i /4 Xi — ‘Il‘zll.-"l]_ﬂ

Solution : We can use L Hospital’s rule because it is 0/0 form. Numerator and Denominator will be
differentiated separately as per Leibnitz 2" ( simple ) form

i f(sec?x)./2secx).(secx.tanx)  8f(2)
= lim =
X—7 /4 2x T
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AIEEE ( now known as IIT-JEE main ) - 2003

(tanr)u
M : Lt ———
r—0 xsIinx
2
tan x
= Lt =
*r—=0 xysinx
&
tan x~
x—0 258INX
. X
I: - x
| sec” 1dt %
.0 , tan x~ 1
The value of lm ——— g = [t ; : =1x1=1
r0 Xsinx x>0 x P sin x
(a) 2 (b) 1 (c) 0 (d) 3 x>0 x

Note in this problem Differentiation was avoided. The numerator was actually integrated and then the
problem was solved. But often the function given cannot be integrated. In those cases Leibnitz
Differentiation is an option.

A beautiful problem from West Bengal JEE 2007

x 2 West Bengal JEE
¥ te" dt 2007

Find tim ¢
X >0 Ax
‘ (a)0 (b)2 (c)1/2 (d)Infinity
Ans:(c)

Solution - We have

b‘tZ
J te dt
Lim

[==]
=X ->e0 gt — form
edx @

Lim ﬁ using L Hospital's rule
l=x->c0 ¢®

=1/1
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An alternate way of doing the above problem
2
r l'i'.: dt
- )
i |

2
| & d?)
- I-tﬁ:'-‘#"’l b & tim 1-1: 14 !
B oS T F]'It' =3

-

Example Ratio of Integrals simplified individually

sin*™ xdx
The value of him —;;,;-—-——-——
i J' " sin®™ ! x dx
[1]
(by 12
(d) none of these

— by}
12-!

w2), sin”" ' x> sin®™ x > sin
010 12, we get Iy 1 2 Jon 2 Lo

!m'].t‘

(1)
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Type - 9 - Some Summation problems which are solved by converting to
Definite Integrals

AIEEE ( now known as IIT-JEE main ) - 2004

a n ] /
lim ¥ —e™" g
n—x = N

(@ l-e ()e-1 (c)e (d) e+ 1 Recall the basics to solve these kinds of problems

Put 1/nas dx and r/nis substituted as x the limit r=1 to n changes to Integral 0 to 1

r=n1 I
e i | —ah
{b} J?—!Tr=l}‘,l'
1
= [erdi g §
So 0
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AIEEE ( now known as IIT-JEE main ) - 2005

. l 1 2 2 4 1 2
lim 78€C" — +...+—sec’ 1| equals
nm| noon n n
( 1|::|:|sec:l (b) 15301
T E>
1
(c) Etanl (d) tanl.
Solution
©) :
. > 2 2( 4 ) 2
lin l__ sec” 1,] ec 4,, +otLsec?l
H—2 1~ i ﬂ_ \n ) 4
n—m p> nt n’ |
FoFy
n 210
P el el
i WA
2
r=n =
- r 21r
lim X I—,, sec” —]
n—=x r=1 \ B~ \ 7

= lim lz l-—"secz(il

\ 1]

=[x seczt.rzjd.r = % tanl.
ﬂ -

Type - 10 - Inequality of Definite Integrals

Schwarz-Bunyakovsky Inequality of Definite Integrals

b b 3 b 3
/ f(z)g(z)dr < ( / f(z) da) ( f 9*(x) daf)
If f(x) and g(x) are integrable on the interval (a, b), then " o ‘

For example

1
9 1% 9 % :
—f Vsinz dr < (—f sina:dm)
T Jo T Jo
s ™ %
5 5
f \/sin:::ch:<\/E / sin x dx s
0 2\Jo 2
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Example - 10.1 -

The value of the integral

iJ{zx +3)(3x? +4) dx cannot exceed
(2) \}4_3 " (b) V66
(c) J73 (d) none of these
Solution

2
(b). N{ 2x+3) (3x° +4) dx
|

-

< j(2x+3)drj{3x3 +4) dx
| 1

) b b
Jlf(.rl-g(.r)dr < szt.r)dr_[g:tx}dr
a

) [

= Jx? +3x)} - [x* +4x]} = J65T1 = V66

Example - 10.2 -

1 % dx
Show that 0< 0 X+ 16 < 147

Solution :

0<x <1 means x varies between 0 to 1 where x is a fraction. So x> < x> Thus x> +1 <x* + 1

S 1/(XC+1)>1/(x*+1)

1 x dx 1 x dx
o 6|-x2+16 <6l‘

X

+
The function f(x) = X3 16 is an increasing function on [ 0, 1] So min f(x) = f(0) = 0 and max f(x)
=f(1)=1/17
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Referring to the property - If the function f (x) increases and has a concave graph in the interval [a, b],
then

b
b-af@ < | fxdx<b-a !Lai%__f(tl)_
a

Ormin (b-a)<Integral <Max (b-a)

X ."L x

-1 1
Graph of y = 3+ 16 is /!

( The scale of y axis is distorted )

Thusmin (b-a)=0(1-0)=0 and Max(b-a)=(1/17)(1-0)=1/17 = 0.058823529

AIEEE ( now known as IIT-JEE main ) - 2005

1 ) I 3 2 2
If =] 27 dv, =2 dv, [ =[2" dx and
0 1

2
I,=[ 2% dx then
|

@ L,>L ®) L>I (¢) L>1I, (d) =1,

Solution
3 3
@:For0<x<1, =z*>x 2* 2
and for 1 <x <2, x¥>2x? ¥ o ¥
2 3
ie; |2F 2 2 [=>Ged
3<4dy
> 3
as +X 5 X
1, .3 13
[ 2% e (2% 1k
0 0
I =1
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Example - 10.3 -

1
[——E— lies between
01+x +2x

1 1 |

- Zand—
(a) 4mn:ll (b) 4an 3

1
(c) Emdl (d) none of these
Solution :

In the interval [0, 1], f(x) is stnictly decreasing, therefore,
we have,

<f(x)<l

I
S sfix)<f(0),1e, 3

i
1
;u—mzsffuuhsu—ml

0

]
ie., < J-f{xldrSI

L]
4 0

Do it again

1
IL lies between
0I+x

2425° .
x T r n
= L _and=
i e SRV
(c) ﬁ;md% (d) none of these
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Solution :

(c). We have,
l+:3+2r‘>l+r3
and | + 2+ 201+ 2+ 280 = 1 + 342
| l |
1132 S 1+02420 -~ 1ea2

i I 1
Ld;.:‘-:.[ — s [
0 + 3X + .I 0 + X
3 '
X
< < [tan™’
~ }[l+r +2x° <[tan"x],
1
T dx n
= < . <
W3 ;[I+.r*+2x5 4

So we see as per the limits given we have to choose the approach

Inequality of Definite Integrals is explained and discussed at

https://archive.org/details/InequalitiesOfIntegralsUpperLimitAndLowerLimitsCanBeCookedPart1

Example - 10.4 -
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' _
I bclongs to the interval
o Ja-x'-

H

b 4
0, —
m[ﬁ] ”[64(]
(c) [ } (d) none of these
Solution :
1
(b). Letf(x)=
4-x1- 5

Sinced - X’ 24 - - 24-27>1V xe[0,1]
aa-F2Ja-P - 2 4-22 >1vxe[0,1]

1
I < Vxe[0,1)
4-;2 J4-12-.\:3 J4—2.:

4-x 4-x* - 2-2x%
x| : dx | x !
= [sin”' = SI—— < sin~! —==
21p 0 4—12 x 2 ﬁo
n l dx b4
LY . S
R B e

AIEEE ( now known as IIT-JEE main ) - 2007
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fiag Fm J‘Sll‘l)« e J‘CO‘QA

e

Then whlch one of the fo]lowmg is true?

(a) f}-i-andJ«:Z (b) I}%and.}>2
2 2
(c) Ie:gand.fc:l (d) 1<§andJ>2

Solution :

(c¢) : In the interval of integration sin x < x

1. 1 1 - 1 .
sinx s ¥ s y 5
I= di < [——dx=[fxde=|232| =2
Ve T
2
P B
3
f cosa L 1 1
J=|—F=dx<|=dx=[24x]y =2
Also !]\F _!} = 0
Feg

Example - 10.5 -

2
lf!tI“—L“.mm
=9x% +12x+4
1 1 L
1er<l b) Lezet
@ 5<I<3 ®) 2<1<3
© %ua (@ none of these

Solution :
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(€). Letf(x)=2x"-9x*+ 12x+4, then f (x) is a decreasing
function on the interval [1, 2].

8=f(2)<f(x)<f(1)=9.

| i |
e e e e
3 ,}2x3—9x2+12.t+4 v8
= lIdt(J. dx <Ljdx
3[ ,Jl.i'}-‘)'.rz +12."+4 8 1
=5 l(-—{jc ] <
a3 sl

Hence, ::- <f<l,

Example - 10.6 -

Let /be a real valued function satisfying f(x) +f(x+6)
x+12

=f(x+3)+f(x+9).Then, [ f(n)dr is

(a) alinear function

(b) an exponential function
(c) a constant function
(d) none of these

Solution :

(€). Givenf(x)+f(x+6)=f(x+3)+(x+9)
Put x=x+ 3, we get

Sx+3)+f(x+9)=f(x+6)+f(x+12)
= fx)=fx+12)

x+l2

Let g)= | f(Od =g(x)=f(r+12)-f(x)=0

4
=» g(x) is a constant function.

Example - 10.7 -
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| .
If f(x)= .r+j [.1}?2 - xzy) S(y)dy, thenf(x) attains
arninimm'nalu
_8 b o8
(a) x= o (b) x= o
9 9
(c) '8' (d) ~3

Solution :

(d). Given

1 1
1o =x+x [V f0)dy= [y f )y
0 0

| 1
x|1+ [ 1)y |- 2 | [y )y
0 0

= f(x)is a quadratic expression;
= f(x)=ax+b orf(y)=ay+ by’ (1)

i
where, a= 1+Iy2 f(y)dy
0

1
=1+ [ Y(ay+ b)) dy
0
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4 5
T A I
4 5 4 5
= 20a=20+5a+4b or 15a-4b6=20 ~A2)

‘ | |
ad, ; b=[yfO)d = [y (@+0))dy
0 0

3 A
| b | _a.b
3 4 3 4

= 12b=4a+3b or 95-4a=0 3)
From (2) and (3),
_s0 80 -
“TT9 % 19
Equation (1) reduces to
80x% +180x
f(x)——ng_
ey = 100X +180 it
f(x) = 119 0=x "
and, f"(x)=%>0 =af(x)anninsmmimmnatx=_T9
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Type - 11 - Finding Area or Volume by applying Definite Integrals
This topic is covered in detail separately, in another e-Book

Putting only one example from AIEEE ( now known as IIT-JEE main ) - 2008

x+2y*=0andx +3y?=1,

Area of the plane region bounded by the curves s?

1 2
(c) 3 d 3

| Ln

4
@ 3 (b)
Solution :

We have to draw a graph quickly to visualize the intersections and thus the region that is being
considered.

(a) : Solution x + 212 =0 and x + 332 =1 we have

1 =3P =27 = ¥=1 4 y=2=1
y=—1 = x=-2
y=1 = x==12

The bounded region is as under

A
e =200

1
e . 2 :
The desired area = 2)[(1-377)—(-2¥")]d
0
1 B 1'3 11
=2[(@-»*)dy =2 y-=|
L 3 Jp
0
2 4 ;
=2 x—=— sq. unifs
X 3 1
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Example - 11.1 -

The area bounded by the linesy =2, x=1,x=a
and the curve y = f(x), which cuts the last two
lines above the first line forall a2 1, is cquailr?to

%[(2::)3” —3a+3-1ﬁ]- Then, f(x) =

(a) 22xx21 b) J2x,x21
(c) 2Jx,x21 (d) none of these

Solution :
(a). We are given
j[.f(.r) -2]dx = %[(2:.:)1‘3 -3a+3-2 JE].
Di}ferentiaﬁng w.r.L a, we get
f{a}—2=%EJE-2 -3]

= f(a)=2 vY2a,a21
flx)=22x,x21.

This differentiation with respect to a or alpha is discussed below

Type - 12 - A reverse integration by Partial differentiation by assuming an
unknown constant, to be variable. Often written as a

Example

J’1>P-1 i

0 In x
The value of the integral (b>0)is

a)Lln|b| b)Ln|b+1] c)3Ln|b]| d)None of these

Answer (d)
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Solution :

J._1’P-1 dx

l
Let I(b)= O nx [ Considering x as constant and partially differentiating with respect to b ]

Recall d/dx of a*=a*Lna  Sod/db of x° = x" ln x

1 b+ 1|1
l 1
I‘%dx:j >de=x | = !
0 0 b+1 b+1
So I’(b) = 0
—db —jn|b+1]+c
Thus I(b) = b+1 Ifb=0, thenl(b)=0 Soc=0

Hencel(b) =Ln | b+ 1|

Type - 13 - Problems with Fraction symbol { x }
{1.33=0.3 {9.1}=0.1 The fraction part of the number
Example - 13.1 -

The value of Jz ][x]—{.rlfdx. where [x] is
-1

the greatest integer less then or equal to x and {x} is the
fractional part of x is

(a) 772 (b) 5/2
(c) 172 (d) 372
Ans. (a)

Solution For any x € R, x [x] + {x} so
[x] = {x} = 2 [x] = x. Thus

2
[ =) fax =
fl| 2[x] - {x} | dx +j‘|:1 2[x] - .rldr+jl2| 2[x] - x|dx

. fl|2+x|dr+_[:|x|dx+j]212-x|dx
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0 1 r
I_l|2+x|¢£r+jnxdx+jl{2-x}dr
= —(—2+vl-)+-]-+2—g=2

2) 2 2 2

Example - 13.2 -

IfJ, = I[x]dx and [, = j{x}dr where [x] and {x}

dennte respectively, the integral and fractional parts
of x and a is a positive integer, then

(a) L=(a-1)1, (b) I, =(a-1) 1,
() I,=al, (d) L=al,.

Solution :

(b). Wehave, 7, = [[x] dx

0

='I[ﬂdr+j'lc£x+j'2dt+m+ j(«u—ll“’-r
0 1 2 a—|

afa-1)
5 A1)

=142+ +(a-1)=

I, “Ih}dx—J(r—[t])dt"[tdt—j[t]dr
0

a(a=1) a® a(a-1)

]
o
3 ]

From(1)and (2), we have

——{a 1)- .‘.!]=(<J- I]!z.
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Example - 13.3 -

1
The value of J(Ilf} =1)({3x} = )dx, where {-)
0

denotes the fractional part is,

19 31

(a) 7 (b) )

1 72

(c) 3 (d) T
Solution :

1
(a). | (25 -1)(B3x}- D
0

1/3 1/2
= [ (20-n@3-nd+ [ (@20-0(Bx-1)ar
0 1/3

213 1
+ [ (@20 -0(Bx-Dax + [ (2x)-1)(Bx) -1k
1/3 . 2/3
1/3 1/2
= j (2x-1) 3x - 1)dx +J' (2x-1)(3x - 2)dx
0 1/3
2/3 |
+ j (2x-2)Gx-2)dx + [ (2x-2)(3x-2)dx
1/2 2/3 )
1/3 12
= [ 6 -Sx+Ddx + [ (65 -7x+2)ax
0 1/3
3/2 1
+ j (6x* —10x + 4)dx + _|' (6x% —12x + 6)dx
1/2 2/3

5
3
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Example - 13.4 -

If [x] and {x} denote the integral and fractional parts
of x, respectively, then j[.\'- [x] —% Jd.r is equal to
3 2
| |
@ 7 (x=1) (b) 5 i ({x}+1)
(©) {x}(fx}=-1) (d) none of these

Solution :

(a). We have,

I

I (.r -[x]- %]dx = [ITI:[ {x} - % ] dx

] 0

(1) |
= J({x}—;]a‘x-i-

F4

[x}ix} 1
-2
[x] -
(o 1y, 7 I
-1 1= s J 0= Jas
! 2
[~ {x} has period 1]

:[x]jf xul]dx:j}(r—l\dr
ol 2 0 2
2 1 2 Thxi
- X x X
'[”l?"s]ﬂ*{?‘i
Jo
11 x} ({xp =1 I
- [x](;-—;]+i‘—*.—‘f—’—3 = 2 {9 (fx) =)
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Type - 14 - Problems that don’t fit into any standard form.
We need to solve rigorously and get the result, specific to the problem.

Such as

- 2
The value of the integral I €% cos(sin0)do is
0

(@) 0 (b) m
(c) 2r (d) cannot be determined
Solution :
Here we will use “ i “ as a tool to solve the problem. Euler Equation €™ = Cos x + i Sin x helps us to

modify the problem

2
(c). I e™*? cos(sin8)de
0

in
= Real part ofJ F {cos(sinB) + i sin(sin8)} d6
0

2
= Real part ofj P Juind
0

ix
= Real part ofI ecmaﬂmadﬂ

0

ix
= Real part ofI e‘”dﬂ
0
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= [ » 8 i
=Realpartofi[ l+e +F+—3—!-+... de

-

In
= Real part ofJ 1+ (cos@ +isin@)
0 -

+ % (cos 26 +fsin29)+...]d6

2 1
- j [l+me+—cosza +-...]d6
2!
0
. 2%
) sin 28
—[6+sm8+ 2] +:L =2

Example - 14.1 -

F ] - - 2 "
Ifi= Jﬂ cos” xsin” x dx =,1_[u sin” x dx

then A equals
(a) 2—ﬂ+| (b]‘ 2—"‘—?
(c) 2™ (d) 27
Ans. (c)

1 pan2 :
Solution [= —J (2 sin x cos x)" dx
2" 70

1 pan
2_,,0 (sin 2x)" dx

Put 2x= @ so that

1 ¢, 1
I= 2—""‘“ (sin" @) Edﬂ

1
- 21'!1-'

using [ fx) dr, = [ (ftv) + fl2a - ) dx

m .
|7 lsin 8)" + (sin (x - 6)) d&

0

Sin(m-0)=Sin® sowe can use gamma function for integrating Sin" 6
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Practice example

If jf-l-n—z- dt = @, then the value of the integral

4 sin£/2
j ~——————— dit in terms of a is given by
dr+2-1 :
4x-2
(a) 2« (b) -2
) a d -«
Solution :
T osine/2 P sing/2
@ | m e "3, I N
ix-2 - - 1I+(:’.,1'r— ]
2
=2-lj5in‘2n_"}du
2 1+ u
[Pullinglx—i=umthaldr=—2du]
i 2 .
__J‘smu du:_-‘[smrd__
D1+u 1+t

An lIT-JEE problem from 70s
/2 n'l
If I,= Icos{sinx) de, I, = jsin (cosx) dx and
0
I;= [cosx dx, then

0
@ 1,>5L>I M) L,>1,>1,
© 1,>1,>1, @ L>5L>1,
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Solution :

(a). We have,sinx<xforx>0
= sin(cosx)<cosxforl<x<nmn?2

®/2 x2
= I sin{cosx) dx < Icos.r dx
0 0
1,=1,

. ¥4
Now, cosx<cos aifx> a andx, axe [ﬂ,?]

xX>sinx

= C€O0S X <Cos(sinx)

w2 &2
= I cosx dx < Icos(sin.t}dr
0 0
I<lI, .(2)

from(1)and (2) 1, > I, > 1,.

Example - 14.2 -

The natural number n (£ 5) for which

! n
1,,=jue‘(x-n dx = 16 — 6e

is
(a) 2 (b) 3
(c) 4 (d) 5
Ans. (b)

Solution We have [, = J-{: edi=ely=e-1
and forn 2 1,

L=¢(x—-1]-n L:e’(x—l}"dx

== (=1 =nl,_,
s fl=l—(l}fu=1—(€_l)=2_e

L=-1-20,=-1-2(2-¢€) =2~5

and Ij=1-3,=1-32e-5) =16-6e Son=3
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Example - 14.3 -

Ifb>aand I = j"—d‘—-—,thcnf
a J(x—a)(b—x)
equals
(a) =2 (b) =
(c) 3m2 (d) 2x
Ans. (b)

1
Solution Putt= E (x—-a+x=-b)=x- % (a + b), so

that
(.I—G}(b-.l’)=(!+£‘)(C—!‘}=|:'2—f2

where ¢ = % (b - a).

Thus,

,r=r __dx

=2 IE_L :25in_l 1
c

0 "I(cz-*rz)

=2sin”' (1)-0]=nx
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Example - 14.4 -

Ifb>a, and = J': X2a .

b-x
then I equals
@ 3 G-a ®) 7 - a)
(c) m2 (d) 2ab - a)
Ans. (a)

Solution Putbh —x =1, so that

I= ."-—— — 2t) dt
jib-a II ( )

cf2_2 _ —
quc—r dr where ¢ = Jb-a
2 [
2[%1\;':‘2 -2+ %sin'](i):L

0+csin” (1)-0

T
c 5 {b—ﬂ).

Example 14.5 -

‘The mean value of the function f(x) = on the

XX

(b) 2 log (6/5)
(d) log3/5
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Example of Max function

2
The value of Imu {(1-x),(1+x),2) dxis
-3

(a) 8 (b) -8
(c) ¢ (d) -9
Solution

(). For-2<sx<—1,wehave |l -x22
and 1 -x>1+x
max {{1-x).(] +x),2}=1~-x.
For-1<x<|l,wehave0<|-x<2and0<]|+x<2
max {(1-x),(1+x),2}=2.
Forlsx<2 wehavel +x22and | +x>1-x
max {(1-x),(1 +x),2}=1+x.

2
b [max ((1-x),(14x),2} &

-

= :[I(I—.t]dx+ j2dx+j(l+.r) dx
-2 -1 1

2 -1 2 2
:[x-%]_’ +[2x]', +[.r+ "'T]' -9

Example - 14.6 -

100
If jf(x)d: = a, then
0

100 (1
jf(r-—-l-b.r)dr
r=1{0 .
(a) 100a b) a
(c) O (d) 100a
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Solution :

100
(b). Let /=Y {Jf{r—Hx}dx]

r=110

| 1 I
= f=If(x)dr+Jf(l+x)dr+jf(2+x)ctr
0 0 0

I
+..+ J.f(99+x]dt
0,

1 2 3
= 1= [ fx)de+ [ fx)de+ [ flx)de
’ I ’ ’ 100
e
Q9

100

] f(x)dx =

0

Practice example

ﬁ a
The value of jll tan™! Jox =1 dxis

167 4,23
(a) —+2J_ (by G/ —AN
16 £
(c) 3~:r+2~.f§ )y, A2l
Ans. (d)

Solution Integrating by parts, the given integral 1 equal 1o

R A W et

16 1 16 dx

B

16 ljwri-'*f l+f}
H

dt(Vx =1+1)
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Practice Example

For any 7 € R and f a continuous function, let

+oos’ 1 l+c0s” ¢
'l‘Lz‘ Xf(x(2 - x)) dx and l:=I + fix(2 - x)) dr then J, /1, 1s equal t

-0

9.2 ®) 1
)4 {(d) none of these
Ans. (b)
Soluti 14cos’ 1
N Jl 3y C-0f(R-02-2-0)dx

I+cos’ ¢
- th Q-x)f(x(2-x)dx

l+c0s” 1

1+cos’ ¢
=2_f_ . flxr(2-x)dx- J' O oxflxQ-x)dx=21,-1
sin” 1 sin® ¢ 2
Therefore, 2/,=21, and so [,/l,=1.

Practice Example

If je"‘”dx = l,then Ix"e""'dx is
0 a 0
-1)"n! -1 (n-1)!
® o ® SO0
a a
n!
© (d) none of these
a
Solution :

0
=T = = -
=[.T"‘F——] J'm‘n—l £ dx
=a iy 0 -a
"
"'—lhm’,[—+£."l,,I
ax=m g g
]
L==1I,  lim 2= =0
"a” I""-'E'“‘
n n-1
S g— I
a a ™

B nin=1)(n-2) i

N i [
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Practice Example

w2
The value of I = I Jeos x—cos’ x dxis

-xi2
(@) 0 (b) 2/3 (c) 4/3 (dy 113
Ans. (¢)
®l2
‘Solution I= I Jcos x Isin xl dx
, : -n/2
o 1% o
r/2
=2 IJ‘ cos x Isin x/dx (the integand is an even function)
i -xi2
Bl araqo #/2
o

e
=2 f-v‘-cou sinx dx = —%(cosx)m =

0

w| &

E-if il

Practice Example

a
The value of j[x]f’(x)dr,a > 1, where [x] denotes
1

the greatest integer not exceeding x is
(@) af(fa)-{/(D+f(2)+...+f(a)}
() af(a)-{f(D)+f(2)+..+f([a]}
© lalf(@)-{Sf()+f(2)+...+f([aD}
@ [@f(aD={f(+f(2)+..+f(a)}
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Solution :
(©) [x1f (x)dx
1

2 3 4
= [ fx)de+2[ fx)de+3[ £ (x)dx+ .t
1 : 2 3

[a] a
| (@l-0 1 x)ds+(a] | f(x)dx
[a)=1 [a}

=(f@)-SN+2(/B)-S@N+3(fH-FON+ ..
+laj(fla)-f(la])
=lalfla)- LA(D+f2)+f(3)+ ... +f([aD}

Practice Example
3
The value of L: log (sec 6—tan 8) d@is

Shi (b) O
) 2 (d) none of these

3
%
I e 27— 0) - un x- 9) d0

’.
s

¢

log (sec 6 tan ) d@

log (sec 6 + tan 6) d6.

(sec 6 tan ) + log (sec 6+ tan 6)] d6

0-tan® 0d6= [ logl d6=0.
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Practice Example

-
Il cllnxd:
0 +
n
1
Let )~
0 ¢
n
Also, j win (2m-x) dx
0
2n
= !__1—- dx
ul+{,"ﬁlnj
an EIIHI
0 P kA S |
Adding (i) and (i), we have
o x  ainz
1
Sl Frec i
II-H" = Tld.t
e’j"‘“+1 D
o= xB" =2n
I=x

Solve a Simple Problem

dx

I

3
—(4x+1)+—
4( ) 4

J' 3Ix+1
2x2 +x+1

Il
B w

2xt +x+1

J'[ 4x +1
2xt +x+1

)dx+lj L
8 (x2+i+l)
2

2
1 1 4x+1
tan ——— + C
247 v7
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A routine problem asked in several exams

N
[ —sin”
=+ §in 3 =
p 1+x° I+x
71 2 3
(a) ‘.E’r (b) Eff
17 -
(¢c) ——x& (d) none of these
72
Solution :
B 1 2x
. =]
a). Let/ = sin dx
(a) "[ 14 x° [1+x2]
-1
y if—-1<x<1
Now, sin”! 2.!2 _j2tan"" x if x
1+ x m-2tan"'x, if x>1

xid x/3
=2 [rat +xan™ 0 -2 [ rar,
0 x/4
(Puttan'x = 1)
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2 ] 2 x/]
- I
=21 +x[m'1ﬁ-m‘1}-2{?}
2],
_x {E_i}- nl x| T
16 3 4 9 16 72
Solve a problem
2 dx { The LCM of 2 and 3 is 6 }

J(] —.1’}”3 (1 __”u: )

6 Then, dx= ——(msdﬁ

Hence, substitute l—x=u
&}
1—u® l—u~ -
= I :J ~ 2{——t‘fm'f—)a'u) =—6j u';du
Ty l—u

IO O SO,
=—6J.(l+u+u +u Fu ) udu

1 | 1 1 l |
= —(1{—;:4 +Tu5 et +_H—; +—u8 +fug ] e
4 5 6 7 8 9

Solve a Problem

|
X
The value of _[ - dx lies
g +1

in the interval [a, b]. The smallest such interval is

(a) [0, 1] (b) [0, %]

(c) [OIL'?] (d) none of these
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Solution :

(c). Let f(x) =

P +16

(x*+16).1-x.2x
(x* +16)

__16-2%
(x +]6}
= 162 = x'<16 = -4<x<4
£ (x) is monotonic increasing in [~ 4, 4]. Since [0, 1],
c[-4.4]
f(x) is monotonic increasing in [0, 1]

| 1 0
“T76 17 ®™m=5i6 0

S =

1
am(1-0) < [ fx)d&xsMA-0)
0

1
x 1
20(1-0) s[5—ds—(1-0)
o X +16 17

= 0s I;:2+1t3

. The smallest such interval is [o, 1-';;]
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Solve a Problem

Evaluate j cos2x log(1+ tanx)dx.

Solution:

Integrating by parts taking cos 2x as the 2nd function, the given
integral

sin2x ¢ sec®x sin2x

= {log(1+ tanx)} s || sy dx
1 . sinx
= —sin2x log(1+tanx) - [ ———
25m x log( AnX) Jsmx+cusx
j- sinxdx
Now SIN X + COSX

1 ¢(sinx +cosx)—(cosx —sinx)
2 . dx,
2 SINX + COSX

2 Sin X + COS X

Hence the given integral

] COSX —sin X 1 :
= ST cosx [4¥ =3 [x - log (sin x + cos x)].

- | .
= 5sin 2x log(1+ tanx) - E[K ~log(sinx +cos x}].

Recall how to integrate Linear X root Quadratic in denominator

Find the value of the ax s
(x + 1)1 +2x - x2)
Putting (x + 1) = %, so that dx = - rlz dt, x = l%r and
(1+2x—x3}=1+2(1*’)—“*‘:’2 - (L]Q—n—l)2
f t? 2 \2 '

we get the value of the given [Iilisael transformed as'
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1
-—-dt
2 -
s '='lz°'"_] :11 ve
1201 2 [_)
—— || —(t-1
t At [[ 2 ) (=0 } V2
oL g M2,
J2 (x+1)
Remember -
ax
-
For the form (Ax'l" E] \f[axz"— bx +¢) where r is a positive integer
Ax+B =
we can substitute t
J (Ax+ ByV(ax+ b)
Jr dx
But for (AX2 + Bx + C) V(ax + b) we have to substitute ax + b = t?

So the Linear expression that in inside the root will be substituted

Another advanced example

dx

Example Evaluate
J xy/(1+x")

Make the substitution (1 + x*) = ## or x" = (r — 1), so that
n X" dx = 2t dr, we get

‘[2:&:“2_.[ dt__1, |i-1
nx"t n'@-1) n t+1
. Ja +2") -1 . c

- = — |
i VL +x") +1
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Similarly
The value of integral J-——du—- = 15 given hy
] —x
, oo | I.'r'__ A
() 'l‘lng ol +C (b) e log 1"’.'—1—] e
3 1—1‘3—] 3 [yl =—ax +1
© 2 1og] |+ c (d) e
Ans. (b)
Solution Put | ~ =7, Then - 3x°dx = 2¢ dr and the inteeral becomes
_ 1 =3x%dx -—lj edt 2 W
37 3 1-22 34(1=1") 3747

+

Solve a Problem

J',/secxﬂl dx 1s equal to

1
(a) 2 log cosg+‘jcoszg-—5] +C

1
(b) log (cos— \/cosz %—5) + C

1
() —21log [cos%+\[cos2 %-EJ + C

(d) none of these

CBSE Standard 12 Math Survival Guide-Definite Integrals by Prof. Subhashish Chattopadhyay SKMClasses
Bangalore Useful for IIT-JEE, I.Sc. PU-Il, WB-Board, IGCSE IB AP-Mathematics and other exams



CBSE Standard 12 Math Survival Guide-Definite Integrals by Prof. Subhashish Chattopadhyay SKMClasses
Bangalore Useful for IIT-JEE, I.Sc. PU-Il, WB-Board, IGCSE IB AP-Mathematics and other exams

(c). I,{secx—l dxy = Lil;—;?ff dx

sin ©
=2 J——-———— dr=—2 -.Ej__“"
; x . X
Putting cos — = z = sin — =24
. 2 2 ]

x O
-2 log [cos;+ cos 3 2]
Solve a tricky problem

i
_ ytanx
Solve j —dx
sinxcosx

_ ytanx
Solution: | ———dx
SINXCOsSX

| sinx
= | — —dx
N COSX Sin“ x cos<x

j —— X
Vsinx cos3x

dx
J‘w sin® xcot3x

j — roseciy cot ~ix dx

2
4 cotx

+C
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Solve another problem

I= . J1+cosec x . dx

s ’1+ L g | [ER2*1 4
5in Bnx

r [(1+sin x) (1-sin x)
gin x (1-sin x)

n

[On rationalization]

4 o2
g J_LL‘?_’_';_’;__ dx [+ (a+b)(a-b)=a®->b?
Bl X—8in" X

[" Cos X

1]

= . dx [~ sin® A + cos? A = 1]
Jsinx—ainﬂx

gsinx=2z = cosxdx=dz

1 1
-l el

Add and subtract i to the denom.

1 * 3

[Emﬁ'_ofx) r
1

(z—§]=y = dz=dy

1 i
I=| ————.dy |Byusing —-—--—-——.dx=sin-1[—]+ﬂ
J {1..;2}2 _yﬂ J- aﬂ _Iﬂ a

w2
81n [1!2]'”
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Solve another Integral

]=I 1+x L
- | s ::" s [Multiply and divided by (1 + x)]
X

J‘ t1+:J 1+x
dr{ltﬂ ﬁ

Let us write :
1 A i{ %)
+1= - e T+ + U
= l+4x=A(l+2¢)+p (1)
= l+x=20x+ A+
Comparing the coefficients of x and the constant terms, we have
l=21 == JL—%
1.1
and l=h+py = pnl—l-1—2=2.
Putting the values of L and p in (1),
1+xu%{1+ﬂxl+%.
{1+2x}+
R e
t+x
1 1+2x 1 1
= — dx +— dx
) el o
1 1
il 1=§ Ii"'ﬁ 5 . d2)
1+2x
Now I = dx
: ‘[1||:|:+;:4:a
Put x+x2=z = (1+2x)dx=dz
--1-1
2
J.*'r_ J- +1
"2
=2 ::c-l-xz +¢; w3
and
fy= I x+x°
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Add and subtract % to the denom.

1
=_[ dx 2
1 1
J[ran{»x-rijéi : (Eco-eﬁ‘.nfx] =
I 1
} v 1y~
(=3 -G
Put I+';‘=Z = dr=dz
1 =I;'d‘3 Byusingj —21—-;.dx=lug x+yx?-a® |+¢
" 22_(1J2 Jxi-a
2
=1 2. 1]2 =1 +—1+ ~i-—]32---1 +c
=log|z+ 2" | 5| |+ey=log||x+g Kig ] =2 4
= log [x+%)+-.|l'x2+:c +c, (4)
From equation (2),
I:%I,q— % L, [Using (3) and (4)]
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Solve another problem

(1)

17 44° dx [Multi i
= ’ ply and divided by 4]

=%logi:u:‘+.c.-"|+.:1l (2 [ "}:": dx = Loglﬂxm.:]

X
and 1:"_[ o S .dx
1p__2x [Multiply and divided by 2]

Byuumg[ dx=lt.an'1£+c
x* +a° a a
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Solve Integration root linear plus root linear in denominator

dx
If I = , then / equals
eprrpars

u—1 v—1
- —— —+C
(@) 2(u-v) + log T +log — 3
5= ,flx+3.1’= .jx+1

Nx+2+‘j2x+3
Nx+2-J21+—-—.’:

(b) log +C

(c) log (JH-Z +J21+3) N
(d) is transcedental function in « and v, 4 = 2x+3
v= Jx+2

Ans. (a), (d)
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———-—+ 3— deand [, = J : ool

2y :
\—
whcmh:j = o

Put2x+ 3= £, in 1, so that

ly = j_zf-—'— = j[l+r—:-l—_—l-'in‘f

-1 i

‘ !
- + =1
=2 |1 zﬂg

In I3 puu+2=}". so that

=1

—

1+1

v =1
2y g =2y +log T
h:jy:—'l} v+

Thus,

2x+3-1

I=2 ("'h+3* 'HH!} + o8 HZHHH

Eil + C
r+2+|.1

+ log
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Solve another Problem

J sin2xdx
Evaluate (a+b cu.sx)'j
Solution:
sin2xdx sin X cosxdx
We have | =I = 2,[

(.I~1+b¢r:n:rs>4:)2 (a+br.h::+s:~:)2
Now puta + b cos x =t
so that — b sin x dx = dt.
{t-a)
—

I---—j'(t el [L-i]dt

Also cos x =

TRl g2

2 ¢ 2[ al
Y% | (LN R -
b2 [ z] b2L ° Tt

2
= —b—z[log(a+ b CDSX)'Fm; )

CBSE Standard 12 Math Survival Guide-Definite Integrals by Prof. Subhashish Chattopadhyay SKMClasses
Bangalore Useful for IIT-JEE, I.Sc. PU-1I, WB-Board, IGCSE IB AP-Mathematics and other exams



CBSE Standard 12 Math Survival Guide-Definite Integrals by Prof. Subhashish Chattopadhyay SKMClasses
Bangalore Useful for IIT-JEE, I.Sc. PU-1I, WB-Board, IGCSE IB AP-Mathematics and other exams

A special Integral

1[11-.,/14-.1-“.-2)2 25

xg\/(l+x+x2)

Here we set 1}1+x+x3 = xt + 1, so that

— 2—
x=2r—21, = 2 2;‘:2 dt and
1—1 (1-¢)
= <P gf
l-yl+x+2x") =
(1= ) e

Substitution of these values in the given integral transforms the
problem in the form

(215 + 0> A=Y Q=12 = 2t42)
A= @t=D*(@* -+ -1%)?
1+1¢
1-1¢

2
4

Y- dt=-2t+1In
-t

+ C

=+2j
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An advanced example

I'I (x+1)
7 x(1+ xe%)?
1= e*(x+1)
x e (1+xe* )
put 1 + xc* =, (xe* +e") dx = dt

dt 1 .1 1)
U S { B S S 1
: I(15-1):&2 I(I“ b

t 1
=—Iog|l—t]+lug|t|—%+c=10g -1—_—t‘——t-+c

X

| —xe* | 1+xe xe* 1+ xe*
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Practice Example

Let f(x) be a function defined by f(x) =
X
_[ -"Uz =3x+ 2)dx, 1 € x £ 3, then the range of

|
flx)is
| ' |
-—,2 -—.4
o[1] e[
(c) [0, 2] (d) none of these
Solution :

(a). We have,
@) =x (P -3x+2)=x(x-1)(x-2)
Clearly, f'(x)s0inl <x<2and f(x)20in2<x<3.
f'(x) is monotonic decreasing in [1, 2] and
monotonic increasing in [2, 3].

2
- Min. f(x) =f(2)= J' x(x* =3x +2)dx
1

i

Max. f(x) = the greatest among (/(1),/(3))
1

Now, f(1) = j x(x? =3x+2)de =0

4 3
=’T-x3+2 =2, - Max.f(x)=2

1

chce,nge=[-71!2]
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Practice Example

Sk

I cot ™! (tan x)dk
-
@ 7 (b) 7’;
32
(c) 0 (d) =
Solution :

Sx
(®). Let 7= | cot” (anx)ax
-Ix

3
- ‘?I cot™ (cot(x /2 - x))dx (1)
0
(" Period is )
x, O<x<m/2

Since cot™ (cotx) =
T+x, wl/l2<x<nm

,{; (g_x]mjz [“.;.-,H
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Practice Example

f(x) is a continuous function for all real values of x

L6 .6
Ndt = |t°f(t a?+—+—+.t

and satisfies If() j f(@) s T3
Thevalueofhs

167 167
@ %40 ® 80

17
() 38 (d) none of these

Solution :

(b). We have,

6

x i ]
If(r)d: = Irzf(r}dr +%+"T+k ~(D
0 x

I
1 1 11
Forx=1, (Ndt =0+=+=+k =—
x If ) 5*3 T k.2
Differentiating both sides of (1), w.r.t. x, we get
£ = Pfx)+ 2515 + 2

15
- f(x):l'{—+;__)
I+ x°
! 15, .5
(- +7) 11
f()de =2 —_—= — 4k i
'r[ S+ 2 (using (2))

= "J(JB Ml - ehya =1y
24

1 1 11 1 1
2 ———t——— = = —
[14 12 10 8 6] 2
167
k:--ﬁ_

840
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Practice Example

ifr=[" ——— ax (1)
-r e‘].'l"l.'l' +E Simx
then I equals
(a) 2x (b) &
(c) m2 (d) =4
Ans. (b)

b b
Solution Using j flx) dx = J. fla + b — x) dx,

we get
T ct\iﬂ('-_t}
I'= _[_x fﬂn:-lh +f“!iirll".l']'
P e—uin:
= I= .[ - &in & sin x dx [2)
X g Cte

Adding (1) and (2), we get

K LA + E" sin X
2 = J' —_
-7 fhll‘l KX + [.’" N X

=5 I=r

il
I
N
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Practice Example

" la—-x
If 1= j‘u ’a+xdx.a>0,then I equals

1 n a
(a) E[a_f) (b) E(E- 1)
|
(©) Zzatz=1) () a[’—;-l)
Ans, (d)

Solution We can write

[= .r‘__r:-x F
0

- [asin"l(f) + m]ﬂ

-457)
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Practice Example
-1
168 = = SRS G- ) = (@) k=1

|
2,3,...and §(x) =7 (x), then qu(x)dx -

Ve
(a) 1 (b) -1
(c) 0 (d) none of these
Solution :
(b). We have, f(x)= %z—:
' x__l-l
= fW=ff)- f{"']- .
x+1 x=1 | x
x+1

= J’"(r)=f2[f2(x))=fz{-£]=:—|=x

X
¢ =@ =) =)
4 4

[ 796 ) < LU ) x]

499 times

l
= f)=-—

j‘?[ﬂdr = j{—%}t#lug,x}
/e 1/e

=—(log,1~log,l/e)=—(0+1)=-1

/e
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Practice Example

Ifl=

r’ Ui 2 2sin(lmsx]+3cos[lmsx] sinx dx
0 2 2

then I equals

@ TWecos (12) () Ve [cos (1/2) — sin (1/2)]
(c) O (d) none of these
Ans. (d)

Solution Put lgcos x =1, so that — sin x dx = 2dr and

Ju j‘"’e"‘ (2 sin 1 + 3 cos 1) (- 2) dr

- 1 n V2
I=6 — -1 6e' sin th -6 !
As €" sin t is an odd function, and € cos f is an even [J; cos(zJ ]+ sin th -[n ¢ cost di
function,
1=6["¢ dt = 6é' cos ]:2 V2 o sin 1t dit = 1= 6J;(cos(l]+sin(l)—l
,J'u cos 1 dif = 6¢' cost +bjﬂ sin > 2
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Practice Example

lim + }Esinz" ﬂis't:t:p.wllt!u
m=ses 1l rel 2"
2k! 2k!
a) —/———— b)) —
® 2 _” 2% (k)
2k!
(d) none of these

c e e e e —
) 2% (k)2
Solution :

n
(@). lim 1 ¥ sin2t /%
=] p= 2n

| nx 2 xi2
- Jsin“ —dx== Isinz" td
0 2 r 0

R
|:Puttingﬂ=f=d:=1dr]
. 2 n

2 (2k-1)(2k-3)-1 x
x 2k(2k-2)--2 2

[k = 1) (2k = 3) (2k = 5)--- 1] [2k - (2k = 2) ----2]
) 28 [k (k=1)(k=2)-1][2k - (2k - 2)-2]

- 2k (2k = 1) (2k —2) (2k = 3)---2-1
T2k (k1) (k—2)— 112 [k-(k-1) (k-2) 1]

(2k)!
2% . (k)2
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Practice Example
®r2
If 1, = jﬂ f(sin 2x) sin x dx

a4
and I, = '[" f(cos 2x) cos x dx,

1
then —- equals
I

(a) 1 (b) 1142
) 2 d 2
Ans. (c)

Solution Using J: flx) dx = j: fla — x)dx, we get

a2
I, = jﬂ flsin (x = 2x)] sin (A2 - x) dx
= j:zﬁsin 2x) cos x dx 2)
Adding (1) and (2) we get
2, = J':Qﬁsin 2x) (sin x + cos x) dx

=1 T
\E.[u fsin 2x) cos [l' 4J dx
Put x - w4 = 6, so that

21, = 2 J”" flsin (2 + 26)) cos 8 d6
-m4
= \fjjm flcos 26) cos 6 d@
-m4
=242 I, as in integrand is an even function
= L/, = 2.
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Practice Example

If I = zi Ix sin 7 dx, then 1 equals

(a) UUm (b) 2/x
(c) d/m (d) Sinx
Ans. (d)

Solution We can write
1 ) 2 )
I= II lr sin mxl dx + L lx sin /d dx

As Ir sin mxl| is an even function, sin /x 2 0, for 0
< nmx < wand sin 2x <0 for < mx < 27, we get

] " 2 "
I=2 L}xsmmd:— L x sin x dx

— XCOs X

But Ixsinmrdx=
T

+ -I—J'cos T x dx
T

x |
= —— COS '+ — sin A
T P
Thus,
1 2 1
I=2|-——cosm+0|=|——cos2r+—cosx
3 T T

3

CBSE Standard 12 Math Survival Guide-Definite Integrals by Prof. Subhashish Chattopadhyay SKMClasses
Bangalore Useful for IIT-JEE, I.Sc. PU-1I, WB-Board, IGCSE IB AP-Mathematics and other exams



CBSE Standard 12 Math Survival Guide-Definite Integrals by Prof. Subhashish Chattopadhyay SKMClasses
Bangalore Useful for IIT-JEE, I.Sc. PU-1I, WB-Board, IGCSE IB AP-Mathematics and other exams

Practice Example

Iff(x)= [+ )" ?dr and gis the inverse of £, then
0

the value of E,- is

g’
. 1 3
- h _— -
(a) > (b) >
(c) 1 (d) cannot be determined
Solution :
(b). We have,
)= I(l-!-.")'”zdt
0
glx) r
= feay= [ a+fy "
0
2(x)
= x= _[ A+ 2adr
0
(g is inverse of f=> f {g(x)} =x]
Differentiating w.r.t. x, we have
1=(1+g)y"" ¢
ie, @P=1+g
Differentiating again w.r.t. x, we have
268" =3¢
- £ .3
g 2
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Practice Example

Letfix) = m ifx#0and i0)=0and a, b
X
€ R be such that @ < b, Then value of
1= [" foo) dx is

(b) % ® - d)
(d) Min {lal, 1b])

(a) bl = lal
(c) Max {lal, 1bl}
Ans. (a)
Solurion Note that
=1 if x<0
fixy=40 if x=0
1 if x>0
If0 < a < b, then

;=j”4x=b_a=|b|-|a1
Ifa <0 < b, then
r=j: (—l)dx+j: ldx=a+b=b-(-a)
= Ibl - lal
If a<b <0, then
I= jb(- Ddx = - b +a = bl - lal.
a
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Practice Example

x/2
Iff, = I cos” x cosnx dx,then /|, I, I, are in
@ AP | (b) G.P.
(c) H.P. (d) none of these
Solution :
xi2

(b). 1 = I cos” x cosnx dx
0

. 1 =2 .
sin mx - : sin mx
= [ms"x- I - I ncos™! x(-sinx)- dx
n

n 0
x/2
=0+ I cos™™ x sin x sin nx dx
0
x/2 ' x/2
= J cos™™ x cos(n—1)x - I cos” x cos nx dx
0 _ 0
[Using the identity

cos(n — 1)x = cos n x cos x + sin nx sin x
i.e., sin nx sin x = cos (n — | )x — cos nx cos x]

x/2 xi2
= J' cos"™ x cos(n —1)x - I cos” x cos nx dx
0 0
=In—l'!n
. I, 1 .
Le., ===],1 ,Isa.remG.P
I, 2
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Practice Example

kx sinksinlk+1 1
.| 2x 2 .
Jsm I:—]dr = A, , where A is

0 sinl
equal to :
T
n b) —
(a) ( 2
T
(c) 5 (d) none of these

Solution :

(c). We have,

3

n/2 /2 w2
= Isinﬂdx+ I sin ldx + I sin2dx +...
0 x/2 22
2kxi2
+ J sin(2k - dx

(2k=1yx/2

[sinl+sin2 +sin3+...+sin(2k - 1)]

| A

. : . P
sin — sinl +sin ;’5|n2+sm;sm3+..‘+

o
(%1

sin %sin(!k -1

2| -
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Cl}sl COS§+008§—005-5—+ +
1 2 2 2 2

oos(2t - ;J— cos[Zk + %)
25ir|l
2

b4 1 1
—| cos—~—cos| 2k + =
.1

2 —
smz

1
ink.sin| k +—
sink sm[ +2}

sin 1
2

[ 3]
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Practice Example

For x> 0, let f(x) = :[ {-’i—'}dx. Then, the value of
Sley+f [%] is

(a) 1 (b) 2

(c) 5 (d) none of these.
Solution :

(c). We have,

T
f@) = [ T di x>0 A1)
1
I/x
1 Int
= / (‘] e

1 _
Puty= - =dr=—:dy
! y

From(1)and (2),
1
f(x)+f[—] -
* 1

2
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Practice Example

|
1 _
Iff = I(l—x”)”dx, then b . I+E,wherek=
0

n+l
(@ (n+l)a (b) na
(¢) (n-1)a (d) none of these
Solution :

(a). We have,
1
Loy = Ja-x)™ d
0
1
= [x(l - x“)'+1]:)+ (n+Da I ¥ (1=-x7) dx
0

]
- (n+|)aj(x° —14+1)(1-x")"dx
0

1 1
- (n+l}aI (1-x*)"dx - (n+1)a j (1-x")"*" &
0 0 ’
=(n+1)al ~(n+1)al,,

[ﬂ‘ =l.|._l_
(n+1a

s k=(n+1)a
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Practice Example

A 1
IfI= log log x + —— | dx, then [
J'a{ 8 108 0081)2]

equals _ 1 1 1

(a) aloglog @ - Blog log B - .[,(log!+;+(_'; +r_1 ¢ dt

(b) -;——-]}é + log log & - log log 8 ( l) ':[

= | logt—~|e
f-a t

(c) P + alog log a@a—- flog log #

(d) none of these [ use J e (fx) + f'(x)) = € fix)]
Ans. (d) 1 1

b a

Solution Putlogx =1, or x = ¢', so that = (logb = ;]t’ —(loga = ;Je

I= j:[lug:+ri2j| ¢ dt i [

where a=log a, b = log B

loglugﬁ-ﬁ]ﬂ-(logloga-m‘ﬁ]a

Practice Example
Let ¢(x)= J g(r)dt, where the function g is such that
0

<e(N<0,V 1€ [0.1]

b | —

% <e(N<1, ¥ re [1,3]
gn <1, Vie|3,4]
Then, ¢ (4) satisfies the inequality

(a) %S¢(4JS3 (b) 0<¢(4)<s2
(c) 5{4}53 (d) none of these
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Solution :
(c). We have,

3 4
o4) = j g(r)dr = j g0yt + [ gyde + [ goyar
(] 0 1 3

But

1
-1
—;‘lS{g(!)dtSO.l

3
-25_[ g(Ndr<0.2
1

SN

4
Ig[!)dtSl.l
3

Adding the above inequalities, we get ¢(4) <3

Practice Example

"_r _ r J;d.t
0 (1+x)2+x)(3+x)

then /

equals

@ F(2VZ-VB-1) ) Z(22+43-1)

(c) g(Zﬁ—Jg + 1) (d) none of these

Ans. (a) _ [—tan_]l+—‘3-lim-l["t—']—imﬂ_{L]]:L'
Solution Putx =1 or x= £, so that \E \E JE JE
_ s _x T\ T
=2 E(l+r1)(2+rl)(3+12) d ) +2ﬁ(§] ﬁ(i]
L 4 3 _7 _ _
_Iu[ I+ 241 3_”2]:1': _2(2J: V3 l)‘
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Practice Example

4
I ({x)) dx, where {-} and [-] denote the fractional

i . . . .
part and greatest integer function, respectively, is

equal to

(a) 1 (b) %
13 6

(c) m (d) 7

Solution :

(). We have,
f () e
i
- ] (== ax
;

3
= [ -t + [ -
1 2

4
+ [ =[x
3

- i (x—l)ldt+j.(x-2}2dt+j (x=3) dx
1 2 3

- [(x—nz]’ +[(x—z)’]’ +[(x—3)‘£
2 ! 3 ) 4
Y (L Y L TN P
(2 0]+[3 0}'(4 0) 12°
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Practice Example

1
The value I cot (1 +x*-x)dxis
1]

(a) #/2 - log 2 (b) m-log 2

1
(¢) x/4 - log 2 d) 2 J'Dum—l « dx
Ans. (a), (d)
- +1=
Solution col"[l + x% - x]: tan 1[_1____1]
1= x(1-x)

"x+tan'(1=x)

= tan~
f=L]cut_'(]+xl—x]dx=£lan"'xdx+£tan"{]—.r)dx
= Illan" xdx+jltan'1 xdx=2rtan'] xdx
0 0 0
a7 1 2x
= 2xtan”’ x]o _Iu_sz dx

= 2tan"'(1) - log(l + 12)]:)

= 2(x/4) - log2 = x/2 - log2
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Practice Example

If [- ] denotes the greatest integer function, then

»

| [+ Lx + Dxl) e =

0

(a) 1 (b) 2
(c) 3 (d 0
Solution :

2
I= [ [x+[x+[x]))dx
0

2
- I [x + 2[x]]dx (- [x+ Integer] = [x] +
0

Integer = [x+ [x]] = [x] +[x])

= j' [x]+ 2[x]dx = j- I[x]dx
0 0

= 3 j’ [x]dx +j [x)dx
L0 1

1 2
- 3-]’ 0.dx +j  dx
L0 1
=3 {(x),*} =3(2-1)=3.
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Practice Example

#/2 xsinxcosx .
The value of ey (1% 18
sin” x+Cos” x

. 2
(@) []“”—&de (b) 716

*  cos'x+sin'x

(c) 3x%/4 (d) 72
Solution
Ans. (a), (b)
Solution
2 12(mi2=x)si !
_r .rsmxcmr dx=r (fr-24¥]'ﬂm.t:.'mxdx
sin® x+cos* x 0 sin” x+cos” x
xi2 . xi2

n sin X Cos x XSIN X COS X
= — dx — dx

2 ¢ sin? x + cos® x ¢ sin® x + cos* x

T ("2 sinxcosx

= 2!- - -—-———————-d‘x
0 sin*x+cos* x
__r-”l sin 2x ____J'”’ sin 2x d;t
“nzzt 14 cos’
-1
== ‘Hz = % ftan” (-1) - tan”! 1]= L
8 ]1+: 8 16

The integrand in a is a periodic function with period =,
since

Fox+m)= sin 2(x + )

cos* (x + ) +sin* (x + 1)

- 2 f()

COs x+sIn x
. J'Sﬂ** sin 2.x dx= J'ﬂ” sin 2x

7 m—— dx
T cos  x+sin” x

0 cos* x +sin? x

zrﬂ tan x sec’ x

0 14 tan* x

1 2 _
=J- cdt=tan”' ¢’
0l +r

dx
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Practice Example

\l‘ia:+.’1:}-’2

R b

- by —
(a) 5 (b) 2

T Fi o
(c) r3 (d) 2
Solution :

J@+5)2

(d). Let/= l ad dx
(3a+b7)/4 \/(J:z—az}(b2 -12)

Put x* = a’cos’t + bPsin’t
= 2 x dx = [2a*cos 1 (- sin 1) + 2 b%sin 1 (cos 0] dt

= xdt=%(b2—az)sin21.dr

xz - 02+b2

For = g’cos’t + bsin’t

= & +b =21 -sin’) & + 2b%sin’t

or, (@®+b%) =2a° + 2(b* - &) sin’t

= sin21=%=:c052:=0 = (=n/4
2,52
For = e+ = a*cos?t + b¥sin’t
= 3+ b =4a% + 4(b* - o) sin’t
- sinds= 1 = cos2t= 1 ===
4 2 4
;2L @ -ahsinadr
x/6 2_J(52—02}5i1]2!(bz—0)00821
.tj_d £ x
[ a-pa-EEx
x(6 4 6 12
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Practice Example

Xz yl
L X CORY dx=A 7 then A is

(1+sinx)*
Ans. 2
Solution Integrating by parts, we have
jx x* cos x
t}(l+siinu£}i
x? " T x
N S Y (N S
I+smxl) 0 ] +sinx
where
Tox X T-X T dx
=j. —dx= —dx=n —
0 1+sinx l+sinx 0 1+sinx
T ®/2
0 1+sinx 0 l+sinx
w2 dx xi2 dx
PP - S LS. S
= Ju 1+ sin x 0 1+sin(m/2-x)
jlfj dx
“Jo l+cosx
b 2 xf2
=E-[ sec (x,fzjdr=nmn(x£2}l] =7
0
" xz ccﬁf
chcej- " _dx=-2+ 27
0 (1+sin x)°
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Practice Example ( CBSE 2010 )

T3 sinTx+Cosx

Evaluate: [~ —=m—e— dx [CBSE 2010,4 marks]

Soln.:

Let sin x-cos x= t.......{i)
Differentiating, cos x-(-sin x) dx=dt
Or, (cos x+sin x)dx= dt

Also,

Squaring (i),

sin’x + cos* x — 2sinx cosx = t*
Or, 1-2 sin x cos x= t*

Or, 1-sin 2x=t*

Or, sin 2x=1-12

/3 sin A+cosx
Therefore, I= ———
: Jﬂ'.-"ﬁ vsinZx
¥3-1
™ 'I—\.'E 1“11_..‘5
' 4
(snce, when x= n,."ﬁ.te:;-%='—:’ilndwhtnurn.-'1lr1?-;*&+1]
'\}—1
'F.[ ."Hll'l-I t I_.}_.-
R |
|
— Wa=1 sin—1 1=
F i
i e | s -1
£in = + 5in -
e 3=
=2 sin™} ‘1 > Ans.
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Practice example
Integration Sin n plus half by Sin x by 2

mosin(n+1/2) 2

The value of the integral ju ~sinixi2) dy e Ny
is
(a) m (b) 21
(¢c) 3n (d) none of these
Ans. (a)

P, i A
Solution We have, 2 sin 3 (E +COS X+ CoS2X + ...+ COSHA ,:l

x X 4 X - X 5 i
= sin = + 2sin = cos x + 2 sin E Cos 2x+ - + 2 sin S cosny

it g s - I o 3%
=sm-i-+sm—-sm—+51n——s|n—+---

2 2 2

*ﬂiﬂ(ﬁf—%-)x‘“ﬁin(ﬂ—-%JJ:&]D(”+ Izjx
uin(n\v;—Jx

S COS X+ COS2x 4 4 COB NX = — - S— I
2sin(x/2)

dx = Z(L:%dx + I:cns xdx+...4 I:cm nx d.rJ

" P n
sin nx
Gt 4 =
0 n o
Practice example
" dx T z
Example _[ — = + OF —5

D(l+a')—2acos.x l—a" a =1

according as a < l or a > |
The given problem may be re-written in the form

r

dx

0 (l+a2)(cosli+sinzi)—Ea(coszi—sinli)
2 2 2 2

which can be expressed in the forms
2 J' dt

BGETES (1,a)1
— | +r
1+a

: x
according as a < 1 or > 1, where t = tan ;

- 2‘!2] dr
4 1+a” 1Y .
,  (l+a’) (a l) .l

a+1

Hence
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Hence

!=—?'1--[lzm_1 I“-H”} =—2L _ifa<l
(I—a”) (I-a) l-a

Similarly in the other case the answer shall be

T
= o - |
a- —

Practice example

sin? x cos? x
j sin"(\ﬁ)df-r I cos"(ﬂ)dx is equal to
0 0
T n
(a) 2 (b) 3
) 0 (d) none of these
Solution :

(a). We have,

3 7
sin” x (S 5

P | sin? (V) de+ | eos™(vF)a

0 0

ey sin? x .
=[!sin"(-ﬁ)]0n - ! #;ﬁjdr

+ [’ COSJ(J;)]".”*:" _m] . J; dr

0

o ] J" cas:.t J;
= Xs8In" x+ J-

dt +xcos® x+ I
gl =t

2 2f
sin? x 0 1-1

i
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— x(sin® x +cos’ x) + J dt
) o |
sin" x
Putting ¢ = sin® @and df = 2 sin 8 cos 8d6, we get,

‘JT sin® )
~ dt = |————==2sinf cost db
J'l--' ‘[Jl—sira

— iy
J’mﬁau& - [L=c0s20 4

3

68 sin28

2 3

. ]
Also, when 1 = sin“x, 8 = x and when 1 = cusz.x.

0=m2-x
I=x+l:2_sm28]’
2 4 |,
. r x sin2x _(x _sin2x
a2 2 4
=\’+£-—.t’=£
4 N

Practice example

[= J-w’" sin26d0 =J-u’4 25sin6 cosO
0 sin*@+cos*® ‘0 sin*B+cos*B
_ J-xm 2tan® sec’ 6d0
0 l+tan‘e ’
dividing the numerator and denominator by cos* 0

Put tan? 6 = t,
so that 2 tan 0 sec? 6 d8 = dt.
When 6 = 0,

t=tan’ 0 =10

CBSE Standard 12 Math Survival Guide-Definite Integrals by Prof. Subhashish Chattopadhyay SKMClasses
Bangalore Useful for IIT-JEE, I.Sc. PU-1I, WB-Board, IGCSE IB AP-Mathematics and other exams



CBSE Standard 12 Math Survival Guide-Definite Integrals by Prof. Subhashish Chattopadhyay SKMClasses
Bangalore Useful for IIT-JEE, I.Sc. PU-1I, WB-Board, IGCSE IB AP-Mathematics and other exams

and when 9—4,

51
t=tan’—n=1.
4

l_j’(:lﬂ:" —[ _]t]

- -1 2 -] =£—w =_TE.
=tan 'l-tan™' 0 3 0 y

Practice example

If f(x) satisfies the relation ] () dt+ x"(3)

] dx+f(1)j 2m+f(2)_[mx then
1

(@) f(x)= x’+5x2+2.1 f

(b) f(xX)=xX -5 +2x+6

(©) fE)=x'+57+2x~6

@) fE)=x -5 +2x-6

Solution :

(d). Differentiating the given equation w.r.t. x, we gel

SRR +2 () +xf"2) A1)
Differentiating successively w.r.t, x, we get
@) =32+2f()+f"Q2) A2)
S =6 +21(1) -(3)
J7(x) =6 wd4)

Putting x = 1, 2 and 3 in equations (2), (3) and (4)
respectively, we get
S =3+21 () +/"Q2), ["@)=12+21"(1)
and, [f™(3)=6
Solving, we have
S ) =-5,1"2)=2,"(3)=6
Putting the values in equation (1), we have

fx) =x* -5+ 2x-6.
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Practice example
winl 1
1f ! lan x t J_qr__ .
1= j e drand /, = 10+ 12 ythen the value

2
1

Ie

of I) + I, is
(a) 1/2 (by 1
(c) e/2 {(d) (1/2) (e + Ve)
Ans. (b)
Solution Putting r = 1/u in I, we have
lan x d tan % d & d
Iz—j udu u H’+ u u1
2 1 +u° —[ 1 +u j 1+ u-
Ie e
€
1 2u du
==I) += .
i J- 1+ u-
e
1 2 o ] 2 e+l
So L+15= = log(u” + 1], = = [Iog (e* +1)- Iogf——.-- ]J
P e !

=—x2=1.
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Practice example

1 x+y R ¥ .
lim — J‘ &0 'd:-je"" ‘de |, where y is a cons-
X X ’
0 0
tant independent of x, is equal to
(8) & (b) 25
(c) -7 (d) none of these
Solution :
X+y ¥
J' Ie,s\inzrm _J'eiin:rdr
(@). lim -2 0
x=l) x
0 . +y q
feuin‘rdr+f L
— h ¥ 0
- . ;
-f]}' esinz ' di
= lim =
x— X
esa'nz(_n_v)_i (x_'_y}_eunzy_ﬁ
= lim dx
x=40 |
- i s'inztﬁyl_l _ esm: Y.0 _ eﬁinzr
x=l) 1
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Practice example

Evaluate I:(az +x* )% dx.
Solution :

I= ]‘:(a2+x2)%dx Put x =atan6
dx = a sec’ B dB

= j.:’;(a’ +a’ tan® B)% -asec’0do

a® I?isec’ 0de
1]

s %
[(__f?an_ﬁ] " Lxmsade}

]

= g [2—\@ + ) Iﬁsec’ Bd&]
3 g 7

3 %
=a° &_Fi{(_____scc il 9) 4 Iﬁsec’(-ldﬁ}
3 6 4 o 47

= q° £+E{£+zjxse¢’ﬁdﬂ}]
4 4 40

73 6
= g° &+-5—J:2-+§I%sec39d9]
L 3 12 8-
[ %
=a° Zﬁ+5ﬁ+§{(secet&n9) +lj'%sec9d6}
3 12 8 2 J, 2%
= a* £+§J—§+§{£+l{lug(secﬂ+tane)}y;H
3 12 812 2 g

6:24'5+545+5J5 5 (ﬁ”)}

+—lo|
3 12 16 16 °E

L
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3292 2042 1542 5 ]
= + P +—1 2+]
Sl a8 © A @ At 1 og (V2 +1)

3 32J5+20ﬁ+15ﬁ+i§6]0g(ﬂ+1)]

48

=a 672 +%Iog(ﬁ+l)]

| 48

= %[GTV‘E+ lSIog(JE+ 1)}

Practice example

5 -]
IM&,WM[-]Mnmmegmm
0 l+(x'_[x])

integer function, is equal to

/4 3=
(a) 1 ) (b) 3
(c) 5;2" (d) none of these
Solution
=1

tan” (x—[x])
(c)- j

l+(x~ [x]}‘

S~
_ J‘tan {x—[xl} dx
5 14+ (x~—[x])

Jl+t '[1+(x
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5. =l
+Ilau (:r--ri}lk{1r

3 1+ (x—-4)
| -1 1 -1 ! =1
= J"a" X dr+jm Lt + .t j"m ; dr
0]+x‘ 0|+I" o 1+1
(Puttingx~1=1r) (Puttingx-4=1)
1 -1 x4
=5Im .',rd.r=5]udu [Putting tan™' x = u]
p 1+x° o
u? i S~
- H T
0
Practice example
2-tan® 2
Let f= [xf(x(3-x))dx
sec? 2
2-tan’ z
and, L= [f(x(3-x))ax,
sec? z
where fis a continuous function and z is any real
number, then /,//, =
3 I
a) — —_
(a) > (b) >
(¢) 1 (d) none of these
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Solution
2-man’z
(a). We have, /, = Ix f(x(3-x)) dv
Sﬂz.'

-

2 -tan?
= j’{g_x)f((s—x) 3-(3-x)}) dx
e

‘.'j.f{.t]d,l‘= jf(a+b—.r}a'.r

-
n* =
-

(3-x) f(x(3~x))

=

Il
51_‘5

b

2:
~wn’z 2-tan’:

=3 [ faG-xd- [xf (x3-x)ds
sec? z sec? z

=3I2_I|

. 21 =31, andsnl,ffz=%

Practice example

Evaluate L%tan’ede.

s f‘:ansede
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PPN A
(ml B] -_[j{tan"ﬂdﬁ

l—-j’::an’ede
4 0

i T
s [‘a“ 9] —Ixtanﬂdﬂ}

2 [t}

1 y]
=111 (1og sec 0)”

e %—Iog\fl_‘]

u%+lng\/§

1o
-—+—log2
47208

I

Practice example

If () = f‘;tan"xdr. show that ¢ (n) + @ (n — 2)

1
= and deduce the value of o (5).

CBSE Standard 12 Math Survival Guide-Definite Integrals by Prof. Subhashish Chattopadhyay SKMClasses
Bangalore Useful for IIT-JEE, I.Sc. PU-1I, WB-Board, IGCSE IB AP-Mathematics and other exams



CBSE Standard 12 Math Survival Guide-Definite Integrals by Prof. Subhashish Chattopadhyay SKMClasses
Bangalore Useful for IIT-JEE, I.Sc. PU-1I, WB-Board, IGCSE IB AP-Mathematics and other exams

Solution :
oy _—
p(n) = J; tan” x dx
n-1 \%
_[tan"x )" I}imﬂ,_2 "
n-1 0
=1
H—l “Pn—?
1
:-'HP,.“"(P,,-z:_"_] Proved
I
Now  ¢(5) = ;=
S
4 127 ™
I
__E+(PI
=—%+ }:tanxdx
Practice Example
Prove that
2 3 "
Jﬂcos"xsinmdx= Il{2+2—+2—+ ..... +2—}
0 7 Z 3 m

Solution :

We know that

I:ims"xsinmxdr

_ cos™ x cos mx . ,_m
m+m m+m

cos™ ' xsin (m—1) x dx

j}é
[1]
1 I
= I .= E"I'EI--I,J—I
Put m — | for m,
1 1

i it ]
Il!t-l.ﬂ—l 2(m_1]+2 m=1m=1
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j __!Lu+_]._ _..__.1__.5.11
mm = 2m 2|2(m-1) 2 "7

L+;+lf
“2m 22(m-1) 20 "R
1 1 | 1
) I.u-]_u-]

—+ + +—
2m 2*(m-1) 2°(m-2) 2
l Proceeding similarly
1 1 1
2 2(m-1) 2(m-2)
1 i 1
2" {m ~(m- I)}

/|

+ —m im-m.m-m
2- .

1 1 1
= +22(m—l)+2’{m-2]+ .....

| 1 ]

Now fgodx = [e)i?=c-c=0

] 1 1 1
e + T
Lo m 2m 2*(m-1) 2'(m-2) 2" -1
Writing the series in the reverse order
] 1 1 1
+ + Foiti
2.1 2.2 2.3 2m
I 2nnl zntl 2m+l zan-l
= = + s + — R +
2 2Ma] 292 T 2MeR] 2m
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Practice Example
Prove that ‘[:}éccus“‘z x sin nx dx = -]—l; n being an
n -—
integer greater than unity.
Solution :

P
L cos" 2 x sin nx dx

Il

Ké cos” ? xsin {(n—1) x + x} dx

j:é cos" *x {sin(n—1) xcos x

+cos (n—1) x sin x} dx

Eécns" “'xsin(n-1) x dx
| |

+ L}éws"" x cos (n—1) x sin x dx

Integrating the first integral only by parts

3 %
_ {mst_cns[u ])x}

n-1 "

- [P (n-1)cos" x (~sin x). {—*——wsi"_"ll)x}dx

+ L};cos"" x cos (n—1) xsin x dx
.-

=% cos" ™ x cos (n —1) x sin x dx
n—

+ Kéws"" x cos (n~1) xsin x dx
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Practice Example

x2 . 2l . 2 '
sin(2n - 1)x sin” nx
lf]].n- !de Il:l'ldfln-— ‘!-m—zxdt
n € N, then

(a) JrZ,JvH-I-‘fl.i'l':‘rl.n
(b) f2,n+l_12.n="1.n+l
(C) !Ln*l+fl.u=fln
(d) JYZ.JMI-"’ll.ivt"-l="r1.ll

Solution

ri2

o ST P
®). 1, ,-4, = Iism = .ST (x I}x)a‘.t
‘ 0 - sin“x

_ xjh sin {Zn'-jjx sin X
A sin” x
2 .
IJ' sin(2n—1)x

z l.m
0 Sinx

L ’2.!1—1_'12.:1=!I,n+|
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Reduction forms

Let I, = Isin“ xdx or 1, =Jsin“"' x sinxdx.
Integrating by parts regarding sin x as the 2nd function, we have
l; = sin"~ ! x.(— cos x) — J(n— 1) sin™2 x.cosx.(—cosx)dx

1 n-2

=—sin"" x.cosx+{n—1)jsin x.cos® xdx

=—sin""' x.cosx +(n— I)Isin“‘z x.(l — sin? x)dx

= —sin"" x.cosx +(n- I)_fsin“‘2 xdx—(n- I}j'sin“ xdx

=—sin""! x.cosx +(n— I]_[sin"“2 xdx—(n=1)I,.
Transposing the last term to the left, we have
L(+n-1)=-sin"'xcosx+(n-1)1 _,

[ Ip-a = Isin“‘z xdx]
ornl =-sin"'xcosx+(n-1I ,
sin"‘inxcosx_'_ n;l[n-z-

or [, =-

Let I =Jcos"xdx or I, =Icus“"x.cusxdx.

Integrating by parts regarding cos x as the 2nd function, we have
I = cos" “!x.sin x — J[n ~1)cos"2 x.(sin x).sin:;cdx

=cos""! x.sinx +(n + I}_-cazzns“"2 x.sin? x dx

=cos™ ! x.sinx+(n- 1}_-«:135““3 x(1- cos? X)dx

=cos™!

x.sinx+(n-1) [ cos"2 xdx —(n - I)Icos“ xdx

=cos" ' xsinx+ (-1 ,-(n-1)1.
Transposing the last term to the left, we have
l(+n=1)=cos" 'xsinx+(m-1)1 _,
ornl =cos" 'xsinx+(m-1)1 _,.
cos™ 1x sinx+n-1

n

J.cus“dx= J.cos"'zxd'x.
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We have Itaﬂ“ xdx = Itan“'z x.tan” x dx
= Jtan““z x.(sec3 x = 1)dx

= J-tm""2 x.sec? xdx - I tan™Zx dx

n-2+1
tan x
= Lﬁ.:_;.:l_u tan™2 xdx
n-1
or Itan"xdx = % - Itan“'lx dx,

We have Jcot“ xdx = J‘r:.ﬂrt“'2 x.cot? xdx
= Icnt“'z x(coseczx- I]dx
= J.L‘Utr"z x.cosec*xdx — Jcm““z x dx

Al
cot X
- _-(-UT—}']——_I'::n:J:t“"2 x dx

1
cot"' x _2
or mt“xdx=-T—jc0t" xdx,

We have I, = jscc“ xdx = Ise:““" x.sec” xdx

Integrating by parts regarding sec’ x as the 2nd function, we
have

I, = sec" " ? x tan X — J'{n ~2)sec"? x sec x tan” x dx
=sec" X tanx -(:1—2}1'.'::.';-.:::“'2 x(sec” x - 1)dx

=sec" % x tanx - (n-2) jsec“ xdx +(n +‘.2:|jsac:“"2 xdx.
Transposing the term containing Jsec" xdx to the left,
we have

(n-2+ l)J-SBC“ xdx = sec""? xtanx +(n—2)_[s¢c“‘3 x dx
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Isec"x dx = sec" x tanx — _[{n - 2)scc“':x tan x tanx dx
= tanx sec" “x—(n— E}Isec"'zx (sec’x—1)dx
= tanx sec” x—(n- 2}(5&(.:”.1:' - _I'sec"'zx l:b:)
[1+(n-2)][ sec”x dx = tanx sec”" “x +(n—2) [ sec"*x dx

tan x sec” " x = 2
n—1 n—1

-2
Isec"xdx = Isec” xdx

J cosec"x dx = _[cosec"' ’y cosec’y dx
Integrating by parts,

Inc:uscc".r dx = cosec" *x (=cot x) - _[(n - 2)cosec” " x (- cosec x cot x)(—cot x) dx
= —cot xcosec" " x —(n- Z)I cosec”’x (cosec’x —1) dx
=—cot xcosec" *x —(n— E}U cosec”x — Icosec""x d.x)

[1+(n- 2]]I cosec”x dx = —cot x cosec” *x + (1 - 2}! cosec™ % x dx

—cotxcosec"*x n-2 o
+ J.cosec" “xdx
n=1 n—=1

J-cosec".r dy=

Definite integral of e to the power ( x + 5 ) square explained and Discussed at

1) https://archive.org/details/1HaveFunWithAbhishekDefinitelntegralCookedButReasonOfCookingUnknown

2 ) https://archive.org/details/2TejaDefinitelntegralCookedWellReasonOfCookingKnownSabjiCutintoSmallPieces

3 ) https://archive.org/details/3TejaDefinitelntegralCookedWellReasonOfCookingKnownSabjiCutIntoSmallPieces

Various ways of integrating a function d( tan™ 1/x )

https://archive.org/details/DDxOfAFunctionintegratedinVariousWaysAvoidAnInterestingMistakePart3

Definite Integral of Sin Square t to 1 + Cos Square t xf(x(2-x)) Discussed and explained at

https://archive.org/details/Definitelntegral AToBXIsReplacedWithAPlusBMinusXAndSimplifies
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Definite Integration of Greatest Integer Function 0 to m of [ 2 Sin x ]

https://archive.org/details/DefinitelntegrationOfGreatestintegerFunctionlI TJEEPart2

[IT-JEE 1995 greatest integer function of [ 2 Sin x ]

https://archive.org/details/DefinitelntegrationOfGreatestintegerFunctionlI TJEEPart1995

Differentiation of a Definite Integral Leibniz form discussed and explained at

https://archive.org/details/DifferentiationOfADefinitelntegralExamplelLeibnizFormPart1

Definite Integral Solved by Partial Differentiation Discussed and Explained at

https://archive.org/details/ExtremelylmportantAndRareDefinitelntegralSolvedByPartialDifferentiation1

Definite Integral 0 to 1 of 1 + e to the power -x square IIT-JEE 1981 Discussed and explained at

https://archive.org/details/IITJEE1981IntegralCalculusToBeSolvedByExpansionEToThePowerMinusXSquare

IIT JEE 1990 Definite Integral of odd function (f(x)+f(-x))(g(x)-g(-x)) explained and solved at

https://archive.org/details/IITJEE1990DefinitelntegralOfOddFunction
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To recall standard integrals

Lf(x) | [f(x)dr [ fx) [ [ f(x)de l
|27 ) [pE)] e @) | B m# -1
1 In || i In|g ()]
o™ BT o~ !% (a = (1)
sin x —cos T sinh r cosh x
COs T sin cosh sinh
tan — In |eos x| tanh x In cosh x
cosecr | In ]lun —:;[ cosech r In ]umh %I
secr | In|secr + tanx| || sechx 2tan”~ ' e
sec’r | tanz sech” tanh x
cotr In |sin x| cothr In [sinh x|
sin“z | £ — =8 sinh” ISl _ L
cosx | 4+ 20%F cosh” x FILEE

J(x) | fix)dx f(=z) | flz)dr

1 1 -1 =z 1 | a4 :
m = Lan pr . -E-d'h. e |:”"E: |J |{l’1}
1 | i
(a = 0) o L ;Ff_fE (|z] > a=0)
: in~—! 2 ! z+yaT T
m =11 - m I]l i I {r’]' - ”}
[—a < x < a) T In -’_"‘i'ﬂ (x>a>0)

Bl
vaz — 12 | & [s Var 412

1
7 P ¥ 5. w2
2 [HI'I]'I (2) + =vopt= ]

T 7 5 | o . o
== ] Vit —a’ & [— eosh 1{%] e
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4 4 4 4 4 4 4
3

i3ty Tttt

1

n_ 1 _1.,1.1.1,

41 35 779
”:‘/ﬁ(l_a%—s*slﬁ_?l?,f )

L : X x, |
L log sin x dx —Elogz EIGEE

Solve a series problem

2
lfiz+_li+__l;.+... uptom=ﬂ—,thenvalueof
1= 2% 3% 6
1 1 1 .
_fi.+§2-+-57+---uptomls
2 2 2 2
F(4 T T b
- b X 2 d) =
(@ = ®) ~ © =3 @ 12
Ans. (¢)

Solution We have l—2+3—2+5—2+... upto co

s+ upto oo

22 T2 3
x_z_L(nz);r_z
6 4\ 6 8
e 6 B | n
-ttt ==77
2¢ 3% 4° 5° 6 1
2
1 1 yia
=r—5+—5+ .. = —
2‘+42 6° 24
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sin /o o oxt 1

T i T

VA I TR TRES VTR
2 oyt n (—1)kx2k
cosx =1——+— '-=Z—
21 I 2 1)
21 41 P, (2k)!
L ¥3 x5 _ I (—1)ky2k+1
mnx—x—z T W
x2
coshx = 1+F+_+ z ]
x3 2k+1
slnh"c—v-l-?+'_ Z(Zk-ﬁ-l)'
t: . +x5 : + 1<x<1
an~tx =x 3 c = ( < x )
3 5 7 g
tanx:x—i—x——i—zx 17x +62x —t
3 15 315 2835
22?’1 (22?’1 _1)an2n—1
{2;;)! Ixl<3
2 2n
B
secx=1+— -|—5 +61x st n# - |x|(_:_
2 24 720 (2]l 2
3 5
cscx =—+— ?i+ s -4
x 6 360 15120
2(22?’!—1 _1)an2n—1
e Udi|x|{;'r
|[2?z:|!
x o 2% 221 anzn_l
cotr=—————— — — — — R i S — U“i|x|{;'r
x 3 45 945 (2n)1
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X 2xb
tane =x + — + — +
.3 I5
2 4
seca =14 - 425 4 ...
2 4
* at
log (cosa) = — o — 2% _
g ( ) » 4
22 A ot
] si —_—r — — ...
og (1 +siny) =2 ——+ F——+
3 5 7
51n_1x=x+l—+13x— 135x_+ |x|{1
23 245 2467
cos L x="—gin"lx
2
3 5 7
_E |y i 18 135X x| <1
2 23 245 24467
3 5 7
x_x_+x__x_+ |x|-a::1
-1 3 5 7
tan X = Fifxz1
if x
:|:E_1+L_L+... _ -
2 ox 3 5y —ifx<—1
sec ! x = cos™ | [l]
x
1 1 1.3 1.3.5
=E_[_+ 7+ =+ =+ 2| =1
sl 2.3 avd 5x adbix
csu:_lx=sin_1(1fx}
1 1 1.3 1.2.5
=—+—+ =+ 7 || > 1
roo2.3x 2.4 5x 2-4.6.7x
cot la="—tan1x
2
3 3 T
i x x
B e S =1
st =]
1 1 1 p=0ifx =1
pt———+t—+ .
X 30 5y p=lifx<-1
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